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Abstract 

We prove that the kernel of the natural action of the modular group 
on the center of the Drinfel'd double of a semisimple Hopf algebra is 
a congruence subgroup. To do this, we introduce a class of generalized 
Frobenius-Schur indicators and endow it with an action of the modular 
group that is compatible with the original one. 
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Introduction 



At least since the work of J. L. Cardy in 1986, the importance of the role of 
the modular group has been emphasized in conformal field theory, and it has 
been extensively investigated since then.^ This importance stems from the fact 
that the characters of the primary fields, which depend on a complex parameter, 
are equivariant with respect to the action of the modular group on the upper 
half plane on the one hand and a linear representation of the modular group 
on the other hand, which is finite-dimensional in the case of a rational con- 
formal field theory. It was soon noticed in the course of this development that 
under quite general assumptions a frequently used generator of the modular 
group has finite order in this representation.^ Since this generator and one of its 
conjugates together generate the modular group, this leads naturally to the con- 
jecture that the kernel of the before-mentioned representation is a congruence 
subgroup. After an intense investigation, this conjecture was finally established 
by P. Bantay.^ 

In a different line of thought, Y. Kashina observed, while investigating whether 
the antipode of a finite-dimensional Yetter-Drinfel'd Hopf algebra over a semi- 
simple Hopf algebra has finite order, that certain generalized powers associated 
with the semisimple Hopf algebra tend to become trivial after a certain number 
of steps."* She established this fact in several cases and conjectured that in gen- 
eral this finite number after which the generalized powers become trivial, which 
is now called the exponent of the Hopf algebra, divides the dimension of the 
Hopf algebra. This conjecture is presently still open. However, P. Etingof and 
S. Gelaki, realizing the connection between these two lines of thought, were able 
to establish the finitcncss of the exponent and showed that it divides at least 
the third power of the dimension.^ They also explained the connection of the 
exponent to the order of the generator of the modular group by showing that 
the exponent of the Hopf algebra is equal to the order of the Drinfel'd element 
of the Drinfel'd double of the Hopf algebra. In this context, it should be noted 
that this connection between Hopf algebras and conformal field theory has been 
intensively investigated by many authors; we only mention here the modular 
Hopf algebras and modular categories of N. Reshetikhin and V. G. Turaev on 
the one hand and the modular transformations considered by V. Lyubashcnko 
and his coauthors on the other hand.^ 

It is the purpose of the present work to unite these two lines of thought further 
by establishing an analogue of Bantay's results for semisimple Hopf algebras. 
We will show in Theorem 19.31 that the kernel of the action of the modular 
group on the center of the Drinfel'd double of a semisimple Hopf algebra is a 
congruence subgroup of level N, where N is the exponent of the Hopf algebra 
discussed above. The proof of this theorem becomes possible by the use of 
a new tool, a further generalization of the higher Frobenius-Schur indicators 
studied earlier by Y. Kashina and the authors.^ These new indicators, which we 
call equivariant Frobenius-Schur indicators, are functions on the center of the 
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Drinfel'd double and carry an action of the modular group that is equivariant 
with respect to the action of the modular group on the center. This equivariance 
in particular connects, via the action of the Verlinde matrix that arises from the 
other frequently used generator of the modular group, the first formula for the 
higher Frobenius-Schur indicators with the second resp. third formula, whose 
interplay is crucial for the proof of Cauchy's theorem for Hopf algebras. * 

The Drinfel'd double is an example of a factorizable Hopf algebra, and the re- 
sults for the Drinfel'd double can be partially generalized to this more general 
class. However, in the case of a factorizable semisimple Hopf algebra, the mod- 
ular group acts in general only projectively on the center of the Hopf algebra. 
This phenomenon also occurs in conformal field theory, and also in the gen- 
eral framework of modular categories, of which the representation category of a 
semisimple factorizable Hopf algebra is an example.^ But it is still possible to 
talk about the kernel of the projective representation, i.e., the subgroup of the 
modular group that acts as the identity on the associated projective space of 
the center. We will also show, in Paragraph l9.4l that in this more general case 
this so-called projective kernel is a congruence subgroup of level N. 

However, if the Drinfel'd element of the factorizable Hopf algebra has the same 
trace as its inverse in the regular representation, then the projective represen- 
tation just discussed is in fact an ordinary linear representation. This happens 
in particular in the case of a Drinfel'd double, where both of these traces are 
equal to the dimension of the doubled Hopf algebra. If these traces coincide, 
it is therefore meaningful to talk about the kernel of the linear representation, 
and we show in Theorem 112.31 that this kernel is also a congruence subgroup of 
level N. 

The article is organized as follows: In Section [U after briefly recalling some facts 
about the modular group, we describe a relation that characterizes the orbits of 
the principal congruence subgroups and plays an important role in the proof of 
the orbit theorem in Paragraph l8.4l In Section[21 we recall some basic facts about 
quasitriangular Hopf algebras and the Drinfel'd double construction, and prove 
some lemmas about the Drinfel'd element and the evaluation form. In Section [31 
we prove some facts about factorizable Hopf algebras that are important for the 
equivariance properties that we will discuss later. In Section [H we construct 
the action of the modular group on the center of a factorizable Hopf algebra. 
It must be emphasized that this construction is not new; on the contrary, it is 
discussed in abundance in the literature we have already quoted, especially in 
V. G. Turaev's monograph on the one hand and in two closely related articles 
V. Lyubashenko on the other hand.^° What we do in this section is to translate 
Lyubashenko's graphical proof of the modular identities into the language of 
quasitriangular Hopf algebras, thereby offering a presentation of these results 
that is not yet available in the literature in this form."'^^ 

In Section [5l we specialize to the semisimple case. We can then use the centrally 
primitive idempotents as a basis and therefore get explicit matrices for the action 
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of the modular group constructed in Section H) In the case of a Drinfel'd double, 
there is a different construction for the action of the modular group based on 
the evaluation form and using a slightly less frequently used set of generators of 
the modular group. This description of the action, which is crucial for the proof 
of the equivariance theorem in Paragraph 18. 3[ is given in Section [SI 

For two modules V and of a semisimple Hopf algebra H, the modules 
V (S) W and W (E) V are in general not isomorphic. However, as we show in 
Section [71 the corresponding induced modules of the Drinfel'd double D{H) are 
isomorphic. The constructed isomorphism is the essential element for the defi- 
nition of the equivariant Frobenius-Schur indicators /y((m,^),z) in Section [51 
which depend on an iJ-module V, two integers m and and a central ele- 
ment z in the Drinfel'd double D{H). We then prove the equivariance theorem 
/v((m, l)g^ z) = /y ((m, I), g.z) for an element g of the modular group. In Para- 
graph lS^ we prove the orbit theorem, which asserts that the equivariant indica- 
tors only depend on the orbit of (m, I) under the principal congruence subgroup 
determined by the exponent. This is applied in Section [9] to prove the congru- 
ence subgroup theorem, which asserts that g.z — z for all z in the center of 
the Drinfel'd double D{H) and all g in the principal congruence subgroup. Note 
that the orbit theorem is an immediate consequence of the equivariance theorem 
and the congruence subgroup theorem. Finally, in the case of an arbitrary fac- 
torizable Hopf algebra, we prove the projective congruence subgroup theorem, 
which asserts that the kernel of the projective representation is a congruence 
subgroup. 

The Wedderburn components of the character ring of a semisimple factorizable 
Hopf algebra are isomorphic to subfields of the cyclotomic field determined by 
the exponent. As in conformal field theory,^^ we therefore get an action of 
the Galois group of the cyclotomic field on the character ring. As we explain 
in Section [TUl this linear action of the Galois group arises naturally as the 
composition of the two semilinear actions that preserve the characters resp. the 
primitive idempotents of the character ring. In Section[TTl we relate these actions 
of the Galois group to the equivariant Frobenius-Schur indicators, which enables 
us to show in Theorem 111.51 that in the case of a Drinfel'd double the action 
of the Galois group coincides with the action of the diagonal matrices in the 
reduced modular group SL(2,ZAr). This is again confirming the parallels with 
conformal field theory, where the analogous result was known in many cases. 
However, this theorem does not hold for a general semisimple factorizable Hopf 
algebra, as we see in Section [121 Under the assumption that the character of the 
regular representation takes the same value on the Drinfel'd clement and on its 
inverse, which happens for Drinfel'd doubles, the action of the modular group, 
which is in general only projective, becomes an ordinary linear representation. 
Generalizing the congruence subgroup theorem from Paragraph l9.3[ we show in 
Theorem 112.31 that the kernel of this linear representation is again a congruence 
subgroup of level N, so that we again get an action of the reduced modular 
group SL(2,ZAr). But this time the action of the Galois group may differ from 
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the action of the diagonal matrices by a certain Dirichlet character, which, as 
it generahzes the Jacobi symbol to Hopf algebras, we call the Hopf symbol. 

Throughout the whole exposition, we consider an algebraically closed base field 
that is denoted by K. From Section [5] on until the end, we assume in addition 
that K has characteristic zero. All vector spaces considered are defined over 
and all tensor products without subscripts are taken over K. The dual of a 
vector space V is denoted by V* :— Honii^ (V, K), and the transpose of a linear 
map f : V ^ W is denoted by /* : W* —> V* . Unless stated otherwise, a 
module is a left module. Also, we use the so-called Kronecker symbol (5^ , which 
is equal to 1 if j = j and zero otherwise. The set of natural numbers is the 
set N := {1, 2,3,.. .}; in particular, is not a natural number. The symbol 
denotes the rn-th cyclotomic field, and not the field of m-adic numbers, and Zm 
denotes the set Z/mZ of integers modulo m, and not the ring of rn-adic integers. 
The greatest common divisor of two integers m and I is denoted by gcd(m, I) 
and is always chosen to be nonnegative. 

Furthermore, H denotes a Hopf algebra of finite dimension n with coproduct A, 
counit e, and antipode S. We will use the same symbols to denote the cor- 
responding structure elements of the dual Hopf algebra H* , except for the 
antipode, which is denoted by S* . The opposite Hopf algebra, in which the 
multiplication is reversed, is denoted by iJ°P, and the coopposite Hopf algebra, 
in which the comultiplication is reversed, is denoted by H^°p. If &i, . . . , 6„ is a 
basis of H with dual basis . . . , 6* , we have the formulas^^ 

n 

^b* (g) ® &j(2) (g) . . . «) = 

n 

^*1^*2 ••■^L «'^*2 ® 

ii,i2,...,im=l 

and 

n 

Yl^h) ^ ^h) ® ■ ■ ■ ® ^km) 

n 

ii,i2,...,im = l 

which we will refer to as the dual basis formulas. We use the letter A instead 
of H if the Hopf algebra under consideration is quasitriangular. With respect 
to enumeration, we use the convention that propositions, definitions, and sim- 
ilar items are referenced by the paragraph in which they occur; they are only 
numbered separately if this reference is ambiguous. 

The essential part of the present work was carried out when the first author held 
a visiting research position at the Hong Kong University of Science and Tech- 
nology. He thanks the university, and in particular his host, for the hospitality. 
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1 The modular group 

1.1 In this article, the modular group is defined as the group F := SL(2,Z) 
of 2 X 2-matrices with integer entries and determinant 1; note that many au- 
thors define it as the quotient group PSL(2, Z) instead. The modular group is 
generated by the two matriccs^^ 

It is easy to see that these matrices satisfy the relations 

54 = 1 (ta)3=s2 

however, it is a nontrivial result that these are defining relations for the modular 
group. 

It is possible to replace the generator s by the generator 

(_\ ;) 

The generators r and t satisfy the relations 

trt = rtr (rt)^ = 1 

and it follows from the corresponding result for the preceding generators that 

this also constitutes a presentation of the modular group in terms of generators 
and relations. From this, we get that s~^r = trlr = is~^, which means that 
t = sts~^, so that the generators r and t are conjugate. 

The matrix 




is not contained in F, but conjugation by a induces an automorphism of F, for 
which we introduce the following notation: 

Definition For g gT, we define g := aga~^ = aga. 



Note that we have 

1 \ fa b\ fl \ _ f a -b 
-1) \c d) \Q -1) ~ \-c d 

so that g =- g~^ whenever a = d. In particular, we find for the special matrices 
that we have used above as generators that 
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1.2 If is a natural number, the quotient map from Z to Zjv := Z/A/'Z 
induces a group homomorphism 

SL(2,Z) ^ SL(2,Zjv) 

by applying the quotient map to every component of the matrix. The kernel of 
this map is denoted by r(A'') and called the principal congruence subgroup of 
level N. In other words, we have 

T{N) := { e SL(2, Z)\a = d=l, b = c = (mod N)} 

In particular, we have r(l) = F. A subgroup of the modular group is called 
a congruence subgroup if it contains r(A'') for a suitable A'', and the smallest 
such A'' is called the level of the congruence subgroup. 

The modular group acts naturally on the lattice := Z x Z. The orbits of the 
principal congruence subgroups can be described as follows: 

Proposition Two nonzero lattice points {m,l), {m',l') G 1? are in the same 
r(A^)-orbit if and only if t gcd(TO, I) ~ gcd(m', I') and 

m/t = m' /t (mod A'') l/t = I' /t (mod A'') 

Proof. If (m, /) and (m', /') are in the same r(A'')-orbit, so that 

m'\ _ fa h\ fm 
I' )~\c d)\l 

then we have for the ideals of Z generated by m, Z resp. m', V that 

(m', I') = {am + 6Z, cm + dl) C (m, I) = (t) 

and vice versa, so that the first assertion holds. If we divide the above relation 
by t, we see that {m/t, l/t) and {m'/t,l'/t) are still in the same r(A/')-orbit, 
and if we reduce this relation modulo N, we see that they are componentwise 
congruent. 

For the converse, we can assume that t = l.li now two pairs (m, /) and (m', I') 
of relatively prime integers are componentwise congruent modulo N, this also 

holds for the pairs g{m, I) and g{m,', I') for any g £ F, and if we can show that 
g{m, I) and g{m' , I') are in the same F(A')-orbit, then this also holds for the 
original pair (m, I) and (to', I'), as F(A'') is a normal subgroup. 

Now as TO and I are relatively prime, we can find integers n and k satisfying 
mn + lk = 1, so that 

^to\ /to — fc\ /l^ 
I )[l n [Oj 
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In other words, (m, I) and (1, 0) are in the same F-orbit, so that we can in fact 
assume (to, I) = (1, 0). This means that we only have to show that a pair (to', I') 
of relatively prime integers of the form (to', I') ~ (1 + aN, bN) is in the same 
r(A^)-orbit as (1,0). But this means that we have to find integers c, d G Z so 
that 

fm'\ _ fl + aN cN \ fl\ 
\l' ) ^\ bN l + dNj yo) 

subject to the determinant condition 

1 = (1 + aN){l + dN) - {bN){cN) = 1 + aN + dN + adN^ - bcN'^ 
or alternatively 

= a + d(l + aN) - bcN = a + dm' - d' 
As m' and I' are relatively prime, this equation is solvable. □ 

Note that this proposition shows that the condition to be componentwise con- 
gruent modulo N is not sufficient for two lattice points to be in the same 
r(A^)-orbit, as the pairs (2,4) and (5,7) illustrate for = 3. Furthermore, 
it should be noted that in the case = 1 it yields the following fact: 

Corollary Two nonzero lattice points {m,l),{m',l') G are in the same 
F-orbit if and only if gcd(TO, I) — gcd{m', I'). 

1.3 The group homomorphism from SL(2,Z) to SL(2,Z^r) discussed at the 
beginning of Paragraph ll.2l is surjective. The proof of this fact uses the following 
lemma, which we will use below for a different purpose:^® 

Lemma Suppose that to, I, and A^ are relatively prime integers and that / ^ 0. 
Then there exists an integer k G Z such that m + kN is relatively prime to 

We need to introduce another subgroup of the modular group. We denote 
by A(A^) the subgroup of F that is generated by all conjugates gt^ of 
for g E T. This subgroup is obviously normal, and it follows from the discus- 
sion in Paragraph 11.11 that it contains r^. Since F(A^) is a normal subgroup 
that contains t^, we have that A(A^) is contained in F(A^). However, A{N) is 
strictly smaller than F(A^) if A^ > 6, and it is not even a congruence subgroup 
in this case.^^ To deal with this difficulty, we adapt the following notion from 
the theory of monoids to our situation:^" 

Definition An equivalence relation on the lattice 7? is called a congruence 
relation if, for all 5 G F, the lattice points g.{m,l) and g.{n,k) are equivalent 
whenever the lattice points (to, I) and (n, k) are equivalent. 
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From every normal subgroup of the modular group, we get a congruence relation 
by defining that two lattice points are equivalent if they are in the same orbit 
under the action of the normal subgroup. In this way, both r(A'') and A{N) 
give rise to congruence relations. 

Considering relations as sets of pairs, one can show as in the case of monoids 
that the intersection of congruence relations is again a congruence relation. 
Therefore, for every relation there is a smallest congruence relation that contains 
this relation, namely the intersection of all congruence relations that contain the 
given relation. In this sense, we now consider the smallest congruence relation ~ 
on the lattice iP that has the following two properties: 

1. We have {m,l) ~ t^.(m,Z). 

2. We have (m, I) (m, kl) for every k & "L that satisfies k = 1 (mod N) 
and gcd(m, kl) = gcd(m, I). 

The second property appears to be asymmetrical with respect to the two com- 
ponents. This is, however, not the case, because if k satisfies A; = 1 (mod N) 
and gcd(fcm, /) = gcd(m, I), we have 

yi ) ~yi J y-m) ^ yi o ) y-km) ~yi) 

so that (m, I) ^ {km, I). 

We will need another property of the congruence relation ~: 

Proposition For every integer n G Z, we have (nm, nl) (nm', nl') whenever 
(m,/) - im',l'). 

Proof. This is obvious if n = 0, so let us assume that n ^ 0. Suppose that « is 
an arbitrary congruence relation that satisfies the two defining properties of ~, 
i.e., that satisfies (rnj.) « l'^.{m,l) and {m,l) « {m,kl) for every k € Z with 
the properties A; = 1 (mod N) and gcd(m, kl) = gcd(m, I). Recall that ~ is the 
intersection of all such congruence relations. We define a new relation by 
setting 

{m,l) f«„ {m' ,1') {nm,nl) « {nm.',nl') 

It is immediate that this is again a congruence relation. It also satisfies the first 
defining property, namely that {m,l) w„ t^.{m,l). For the second property, 
note that if k G Z satisfies k = 1 (mod N) and gcd{m,kl) = gcd{m,l), it 
also satisfies gcd{nm,knl) = gcd{nm,nl), so that {nm,nl) « {nm,knl) and 
therefore {m,l) {m,kl). 

This shows that {m,l) ~ (m' ,1') implies {m,l) {m',l'), which means that 
{nm, nl) « (nm', nl'). As this holds for all such congruence relations w, we get 
{nm,nl) ~ {nm',nl'), as asserted. □ 
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It is not hard to see that, if we had dropped the second defining property above, 
the congruence relation that would have arisen would have been exactly the 
one determined by the group A(iV) as described above. The following theorem 
asserts that, by incorporating the second property, we get exactly the congruence 
relation determined by the group r(A^): 

Theorem Two lattice points (m, I) and (m', /') are in the same r(A'^)-orbit if 
and only if (m, I) ~ (m', I'). 

Proof. (1) Let us first show that equivalent lattice points are in the same 
r(A^)-orbit. For this, we need to look at the two defining properties of our 
congruence relation. For the first property, it is obvious that (m, /) and t^.(m, I) 
are in the same r(A^)-orbit. For the second property, suppose that fc G Z satisfies 
A: = 1 (mod N) and t := gcd(m, Z) = gcd{m,kl). If {m,l) is nonzero, we have 
that {m/t,l/t) and (m/t^kl/t) are componentwise congruent modulo N. By 
Proposition [TT^l this implies that (m, I) and (m, kl) are in the same r(A^)-orbit. 
Clearly, this is also the case if (m, I) = (0, 0). 

This shows that the congruence relation determined by r(A^), for which the 
equivalence classes are exactly the r(A^)-orbits, takes part in the intersection 
that was used to define the relation ~. In other words, if {m,l) ^ {m',l'), 
then (rn, I) and (to', I') are in the same r(A^)-orbit. 

(2) Now suppose that (to, I) and (to', I') are in the same r(A^)-orbit. In the case 
= 1, we have T{N) — A(A^) — T, and we have already pointed out above 

that the two lattice points are then equivalent. We will therefore assume in the 
sequel that N > 1. 

We first consider the case where m and I are relatively prime; by Corollarv ll.2i 
we then also have that to' and I' are relatively prime. We need a couple of 
reductions. The first reduction is that we can assume in addition that all the 
components to, I, to', and /' are also relatively prime to N. To see this, choose 
two distinct primes p and q that do not divide N. By Corollarv ll.21 we can then 
find g S r such that g.{m,l) = {p,q). If we define {p',q') := g.{m',l'), then (p, g) 
and (p', q') are also in the same r(Af)-orbit, because r(7V) is a normal subgroup. 
By Proposition 1 1.21 this implies that p' and q' are relatively prime and that 

p = p' (mod N) q^ q' (mod N) 

so that in particular also p' and q' are relatively prime to N . But if we could 
establish that (p, q) and (p', q') are equivalent, then also (to, I) and (to', V) would 
be equivalent, because ~ is a congruence relation. Therefore, we can assume from 
the beginning that all the components to, I, to', and V are also relatively prime 
to N . Note that this implies in particular that the components are nonzero. 
This completes our first reduction. 

(3) The second reduction is that we can assume in addition that to is relatively 
prime to /' and that to' is relatively prime to /. Now the numbers to and Nl 
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are relatively prime, which obviously implies that the numbers m, Nl, and /' 
are relatively prime. We can therefore apply the lemma stated at the beginning 
of the paragraph to find an integer fc e Z such that m + kNl is relatively 
prime to Note that m + kNl is still relatively prime to N and and that 
{m+kNl, I) = t'^^ .{m, I) is equivalent to (m, I) even if k is negative. By replacing 
{m,l) by (m + kNl, I), we can therefore assume from the beginning that in 
addition m and are relatively prime. Using the same argument with the lattice 
points interchanged, we can furthermore assume that m' and I are relatively 
prime. 

(4) The third reduction is that we can assume in addition that m — m! . We 
have assumed that m! and N are relatively prime, which implies that there is 
a number k' ^ 1 such that w!k' = 1 (mod N). The numbers k' and N are 
then relatively prime, which obviously implies that the numbers fc', N , and IV 
are relatively prime. As all components are nonzero, we can apply the above 
lemma again to find an integer fc G Z such that n :—k' kN is relatively prime 
to IV . As we also have nm! = k'm' = 1 (mod N), we get by the variant of 
the second defining property of our congruence relation discussed above that 
(m, I) ^ {nm'm, I). But m = m' (mod N) by Proposition 1 1.21 so that 

nm = nm' = 1 (mod N) 

and furthermore nm and are relatively prime. Again by the variant of the 
second defining property, we therefore see that (m', V) ^ (nmm' , I'). By replac- 
ing {m,l) by {nm'm, I) and {m' ,1') by {nmm' ,1'), we can therefore reduce to 
the situation where m ^ m' . 

(5) We have now two lattice points (m, I) and {m, I') with relatively prime 
components m and / resp. m and I'. Moreover, all of these components are 
relatively prime to N, and in particular nonzero. By assumption, they are in 
the same r(A^)-orbit, so that / = /' (mod N) by Proposition 11.21 We have to 
establish that they are equivalent. 

For this, we argue as in the preceding step: Choose k such that kl = 1 (mod N). 
Then the numbers k and N are relatively prime, which clearly implies that the 
numbers k, N, and m are relatively prime. Therefore, again by the above lemma, 
we can find an integer n' G Z such that n := k + n'N is relatively prime to m. 
We then have n = k (mod N) and therefore 

nl = nl' = 1 (mod N) 

and m and nl resp. nl' are relatively prime. By the second defining property 
of our congruence relation, we have that {m,l) ^ {m,nl'l), and similarly that 
{m,l') ~ {m,nll'). As equal pairs are clearly equivalent, this finishes the proof 
in the case of lattice points with relatively prime components. 

(6) We now consider the general case, in which we have two lattice points (m, I) 
and (m'j I') in the same r(A^)-orbit, but m and I are not necessarily relatively 
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prime. We have to establish that they are equivalent, and we can clearly as- 
sume that they are different from the origin. By Proposition II. 2[ we have 
t := gcd(m, I) = gcd(m', V) and 

m/t = m/t (mod iV) l/t = l'/t (mod iV) 

Now m/t and l/t are relatively prime, and m' /t and V /t are relatively prime 
as well. Furthermore, (m/t, l/t) and {m' /t, V /t) are in the same r(A^)-orbit. By 
the facts already established, we therefore get {m/t, l/t) ~ {m' /t,l' /t), which 
implies (m, I) ~ (m', I') by the above proposition. □ 



1.4 The groups SL(2,ZAr) ^ SL(2, Z)/r(A^) are obviously generated by the 
images of the generators under the canonical map, which are 

or alternatively t and 

However, the defining relations for these generators are not easy to obtain. 
To write them down, we introduce the abbreviation d{q) :— si' s^^t'^st' for 
q,q' € Z such that qq' = 1 (mod N). Although we want to understand this 
expression here as an abbreviation for a word in the generators, it is of course 
also possible to compute the corresponding matrix in SL(2,Zjv): 




Note also that we have intentionally suppressed the dependence of X){q) on q', on 
which it, as an abbreviation for a word in the generators, in principle depends. 

The following proposition, which is adapted from [TT], lists one possible set of 
defining relations: 

Proposition Write N — where m is odd. Then the relations 

1.5^ = 1 (ts)3=s2 

2. P'(st™s-i) = (st"s~i)P' 

3. d{q)s = 5d{q)-^ 

4. c)(g)t = t«'ji((j) 

for all q G Z that are relatively prime to TV, are defining relations for SL(2, Z^). 
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Proof. This is proved in [TT], § 2.2, Lem. l.c, p. 5, where also further references 
are given. Note that the generator b is defined differently in [11], namely as 
our s~^. It is also shown there that the relations 3 and 4 are not necessary 
for all q that are relatively prime to N, but only for q = 1 — 2d, q = 2 — d, 
and q = 2d + 1, where d is an integer that satisfies d = 1 (mod 2"^) and d = 
(mod to). □ 
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2 Quasitriangular Hopf algebras 



2.1 Recall that a Hopf algebra A is called quasitriangular^^ if its antipode is 
invertible and it possesses a so-called R-matrix, which is an invertible element 
R = Y^'^i aj (g) 6i e A (g) A that satisfies A=°P(a) = RA{a)R-^ as well as 

m ni 

(A (g) id){R) = ^ ai (g) aj (g) bibj (id (g)A)(i?) = ^ ajOj (g 6^ (g 6i 

Associated with the R-matrix is the Drinfel'd element u := J2^-Li S{bi)ai. This 
is an invertible element that satisfies^^ 

A(w) = (u (g u){R'R)-^ = {R'R)-\u u) S'^{a) = uau'^ 

where R' := bi (g aj arises from the R-matrix by interchanging the ten- 

sorands. The inverse Drinfel'd element is given by = S~^{bi)ai. 
In this context, it should be noted that the clement R'~^ always also is an 
R-matrix for A. The Hopf algebra is called triangular if these two choices for 
the R-matrices coincide. 



2.2 An important source of quasitriangular Hopf algebras is the Drinfel'd 
double construction.^'' For an arbitrary finite-dimensional Hopf algebra H, the 
Drinfel'd double D := D{H) is a Hopf algebra whose underlying vector space 
is H* (g H. The coalgebra structure is the tensor product coalgebra structure 
j£*cop gQ ^jjg^^ coproduct and counit are given by the formulas 

Ad{(P (g /l) = (i^(2) (g (g> (1^(1) (g /l(2)) soif <g> /») = 'fi{l)s{h) 

The formula for the product is a little more involved; it reads 

{if (g) h){ip' (g) h') = (/9(i)(5"^(/l(3)))(/3(3)(/l(i)) ^^(2) <g/l(2)/l' 

Finally, the antipode is given by the formula 5'i5(v3(g/i) = (ir(g)5(/?,))(S'"i*(^)(gl). 

To establish the assertion that the Drinfel'd double is quasitriangular, we have 
to endow it with an R-matrix, which is explicitly given as follows: If 6i, . . . , 6„ 
is a basis of H with dual basis 6f , . . . , 6* , then the R-matrix is 

n 

R = ^(e (g) bi) (g> (6* (g> 1) 

i=l 

The associated Drinfel'd element ud and its inverse are therefore 

n n 

UD = J2s-'*{b*) ® bi u^' = J2s^*{b*) ® bi 

j=l i=l 
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The Drinfel'd element has an analogue in the dual D*, namely the evaluation 
form 

e . D K, Lp ®hi^ 

The evaluation form is a symmetric Frobenius homomorphism.^''' It is invertible 
with inverse e~^{ip ^ h) = (p{S^^{h)). 

2.3 The integrals of the Drinfel'd double can be described in terms of the 
integrals of the original Hopf algebra H. If we choose left integrals A G and 
A € H* as well as right integrals T ^ H and p G H*, then 

Az3 = A®r 

is a two-sided integral of the Drinfel'd double, which in particular tells that 
the Drinfel'd double is unimodular.^^ Similarly, the functions A^j and pD in D* 
defined by 

Xoif ® /i) = f(r)X{h) pd{(P ®h) = ip[K)p{h) 

are left resp. right integrals on D. Using the forms of the Drinfel'd element and 
its inverse given in Paragraph [2121 we see that 

Pd{ud) = p{S-\K)) poiu-^') = piS^A)) 

Using these integrals, it is possible to relate the Drinfel'd element ud and the 
evaluation form e: 

Lemma 

1. AD(i)e(AD(2)) = e[KD)uD 

2. e(AD(i))A_D(2) = e(AD)5'z5(uz5) 

3. e-i(Ai)(i))Ai3(2) =e-i(AD)uc^ 

4. AD(i)e-i(Ai3(2)) = e-i(A£,)S'D(uo^) 
Proof. For every h E H, we have 

A(i)(r(2))A(2)(M r(i) = A(r(2)/i) r(i) = A(r(2)/i(3)) r(i)/i(2)S'"^(/i(i)) 

- A(r(2)) r(i)5-i(/i) = A(r) s-'ih) = e(A,,) s-\h) 

Therefore, if 6i, . . . , 6„ is a basis of H with dual basis bl, . . . ,b*^, we have 
AD(i)e(AD(2)) = A(2) ® r(i) e(A(i) ® r(2)) = A(2) «> Fji) A(i)(r(2)) 

n n 

= ^ 6* ® A(2) (5,)r(i) A(i) (r(2)) - e(Ac) ^ b* ® S'^bi) = e{KD)uD 

i=l i=l 
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This proves the first relation. The second relation follows from this by apply- 
ing the antipode Sd, because A^i is invariant under the antipode,^^ and we 
have iS'lj(e) = e, since 

Sh{e)iip ®h) = e((e ® S{h)){S-'*i^) ® 1)) 

= ei{S-^*{ip) ® 1)(£ ® S{h))) = ip{h) 

For the third relation, note that 

A(i)(/i)A(2)(5-i(r(i)))5~2(r(2)) = A(;i5-i(r(i)))5-2(r(2)) 
= A(/i(2)^-i(r(i)));i(i)^-i(r(2))5-2(r(3)) = x{h^^^s-\r))h^,^ 

= X{S-\r))h = e-\AD)h 
which implies 

e-^(Au(i))Au(2) = e-i(A(2) <8)r(i)) A(i) 0r(2) = A(2)(S'-^(r(i)) A(i) 0r(2) 

n 

= ^A(i)(6,)A(2)(5-i(r(i))6*0r(2) 

i=l 

n 
i=l 

The fourth relation follows as before from the third by applying the antipode. □ 

We will also need the corresponding result that expresses the evaluation form 
in terms of the Drinfel'd element:^^ 

Proposition 

1- Pd{udx) = Pd{xud) = PD{uD)e{x) 

2. pd{Sd{u~^)x) = pd{xSd{u~^)) = pD{SD{u~^))e-'^{x) 
Proof. We can assume that x = tp ® h. For the first relation, we then have 

n 

Pd{udx)= pD{{S-^*{^)®l)uD{e®h))=Y,PD{S-^*{^)S-^*{b*)®bih) 

i=l 

n 

= ^5-^*M(A(i))5-i*(6*)(A(2))p(i)(6,)P(2)W 

= ^(S-2(A(i)))p(i)(5-i(A(2)))p(2)(/i) 
= ^(5-2(A(i)))p(5-i(A(2))/i) 

= V(5-2(A(1))5-1(A(2))^2)M5-HA(3))^1)) 

= ^(/i(2))p(5-i(A)/i(i)) = ^{h)p{S-\K)) = e{x)pD{uD) 
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This shows that pd{udx) = pd{ud)£{x)] if wc replace x by u^xuu and use 
that e is a symmetric Frobenius homomorphism, we get that also pd{xud) = 
PD{uD)e{x). 

For the second relation, we have 

n 
i=l 

n 

= Y.PD{{S'*{b*)<^l)x{e(^S-^bi))) 

n n 

= ^PD{{b*(i)l)x{e(i)bi)) = ^pD{b*ip®hbi) 

j=l i=l 

n 

= ^Ki^(i))'P{h-^))P(i){h)p(2){bi) = ^(A(2))p(i)(/i)p(2)(A(i)) 
1=1 

= </5(A(2))p(/iA(i)) = (^(S'-l(ft.(3))ft.(2)A(2))p(/i(l)A(l)) 

= ^(5-i(/i(2)))p(/i(i)A) = ^{S-\h))p{K) = e-\x)p{K) 

For a; = 1, this yields po{Sd{u^)) = p(A), which wc can rcsubstitiitc in order 
to establish one of the claimed identities. The other one follows as before by 
substituting Sd{ud)xSd{u~^^) for x and using the symmetry of e. □ 



21 



3 Factorizable Hopf algebras 



3.1 If A is already a quasitriangular Hopf algebra, it is of course also possible 
to form its double D = D{A). In this case, there exists a Hopf algebra retraction 

TT ; D{A) A, (f ® a t-^ [{(fi (g) id){R))a 

from the double of A to yl itself. Using the alternative R-matrix R'~^ men- 
tioned in Paragraph I 2 . II instead of R, we get another Hopf algebra retraction tt'. 
As we have^° R^^ = (5 ® id)(i?) — (id 0S'^^)(_R), this map is explicitly given 
as 

tt' : D{A) -^A, ^(E)a^{{S(g) (p){R))a = ((id (g)(^)(id (g)S-^){R))a 

From these two homomorphisms, we derive the algebra homomorphism 

* : D{A) A(E) A, x (tt tt'){Ad{x)) 

where A(^ A carries the canonical algebra structure. Note that this map is in 
general not a coalgebra homomorphism with respect to the canonical coalgebra 
structure on A >S) A. However, it becomes a Hopf algebra homomorphism if we 
twist the comultiplication'^^ by the cocycle F :— 1 R~^ (g) 1 G A®'*. In other 
words, ^E* is a Hopf algebra homomorphism if considered as a map to the Hopf 
algebra {A^A)f, which has the canonical tensor product algebra structure, but 
the twisted coproduct 

Apia ® fe) = ^((a(i) «> 6(1)) «> (a(2) ® 6(2)))^"^ 

The Hopf algebra {A^ A)p even becomes quasitriangular by using the twisted 
R-matrix^^ Rf := FtRA0AF~^ , where 

rn 

Ra(»a ■= ^ CLi (g) bj €5 &i (g) S{aj) 

is an R-matrix for the tensor product Hopf algebra A® A and Ft arises from F by 
interchanging the first and the third as well as the second and the fourth tensor 
factor. By using this specific R-matrix, ^ becomes a morphism of quasitriangular 
Hopf algebras"^^ in the sense that it maps the R-matrix of the Drinfel'd double 
to Rf- This implies that the image of the Drinfel'd element is given as follows: 

Lemma ^'(w^)) = w m^-'^ 

Proof. In general, if the coproduct of a Hopf algebra is modified by a cocycle, 
then the resulting Hopf algebra has the antipode S'_F(a) — wS{a)w^^ , where w 
arises from (id®5)(F) by multiplication of the tensorands.^'' From this, we see 
that 

Sp{a) — xS'^{a)x^^ 
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where x = wS{w~^), and it can be shown that the Drinfel'd element up that 
arises from the R-matrix Rp = FtRF^^ is related to the original one via the 
formula up — xu. 

In our case, we find 

m m 

w = ^(I ® S{a,))SA0A{h 1) = 5Z S{b,) ® S{a,) - R' 

This implies in this case that x = I, which means that the Drinfel'd elements 
of {A (g) A)p and A (g) A coincide. Because 5* is a morphism of quasitriangular 
Hopf algebras, this clement is equal to '^'{up)). But for the Drinfel'd element 
A^ A, we find 

m m 

UA^A = ^ SAi»A{h<S)S{aj)){ai(g)bj} = ^ S{bi)ai®S'^{aj)bj = m®S'^(w"^) 

Because the Drinfel'd element is invariant under the square of the antipode, this 
implies the assertion. □ 

Note that by replacing the R-matrix with the alternative R-matrix R'^^ , we get 
a second Hopf algebra homomorphism 

^' : D{A) ^ {A® A)p>, X ^ {tt' ® tt){1^d{x)) 

where this time we have to use the cocycle F' := \® R' ®1 G A®^ to twist the 
comultiplication on the right-hand side. As before, the Hopf algebra {A ® A) pi 
is quasitriangular with respect to the R-matrix Rpi :— FlR'^^j^F'~^ , where 

R'a®a '■— ^ ® o,j ® S{ai) ® bj 

is an R-matrix for the tensor product Hopf algebra A(®A and F/ arises from F' 
by interchanging the first and the third as well as the second and the fourth 
tensor factor. By using this specific R-matrix, 4"' becomes a morphism of quasi- 
triangular Hopf algebras in the sense that it maps the R-matrix of the Drinfel'd 
double to Rpi. Furthermore, the Drinfel'd element arising from the alterna- 
tive R-matrix R'~^ is exactly the inverse of the original one, so that the 
preceding lemma yields that \1/'(u_d) = ® u. 

3.2 In the situation of Paragraph 13. 1[ we have a left action oi A ® A on A 
by requiring that the element a ® a' G A ® A acts on 6 G A by mapping it 
to a'bS^^{a). Pulling this action back along ^f', we get a left action of D{A) 
on A given by 

X ^ b = 7r(a;(2))65"-^(7r'(a;(i))) 
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li X = ip<Sia and R = Ci^h, this action is explicitly given as 
{ifSia) ^b = 7r((^(i) (g) a(2))6S'~-^(7r'((/3(2) a{i))) 

m 

= '^(i)K)^ia(2)^5'-^(<^(2)(6j)S'(aj)a(i)) 

m 

= ^ ip{aibj)bia(^2)bS~'^{a(i))aj 

We will use; the same notation for the restrictions of this action to A and A*, 
i.e., we define 

a ^ 6 := (e (g) a) -» 6 = a(2)66'~"^(a(i)) 

m 

-» := ((^ 1) -» & = ip{aibj)bibaj 

Note that the restriction of the action to A is just the left adjoint action of A'^°p 
on itself. The space of invariants for this restricted action therefore is exactly 
the center Z{A) of A. 

We also introduce the map 

m 

^ : A* ^ A, ipi-^ {ip^l) = ^ (p{aibj)biaj = {id^ip){R'R) 

If C{A) denotes the subalgebra 

C{A) := {x&A*\ x{ab) = x{bS\a)) for all a,b G A} 
of A* , it is known^^ that $ has the following property: 
Proposition We have 

for all if G A* and all x G C'(^)- Furthermore, we have 

a = y.(i)(S'-i(a(2)))v(3)(a(i)) $(V(2)) 

for all e A* and all a G A. Consequently, $ restricts to an algebra homomor- 
phism from C{A) to Z{A). 

Proof. It is possible to verify these properties by direct computation; however, 
it is interesting to derive them from our construction of The second equation 
holds since 

a $(<^) = (e(g)a)((^«) 1) 1 = (p(i)(S'"^(a(3)))¥'(3)(a(i)) (<^(2) i8)a(2)) -» 1 
= <P(i)('S'"^(a(2)))¥'(3) («(!)) ^(¥'(2)) 
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This amounts to saying that <I> is an A-Unear map from A* to A, where A* is 
considered as an A-module via a(g)(^ i— » ip(^i^[S~^{a(^2)))v^{3)iO'{i))'P{2), this action 
is the left coadjoint action, built with the inverse antipode, and is actually used 
in the construction of the Drinfcl'd double as a double crossproduct.^^ The 
space C{A) is exactly the space of invariants for this action. As an A-linear map 
takes invariants to invariants, $ maps C{A) to the center Z{A). 

For the first assertion, note that we clearly have ^ z = {(f ^ l)z if z G Z{A), 
so that 

HV>X) = (ra) ^l = </9^(x^l) = <p^ $(x) = {v^ i)*(x) = H'p)^{x) 

if X G C'(A). Finally, note that it follows from the elementary properties of 
R-matrices^'' that $ preserves the unit element. □ 

In a very similar way, we have a right action oi A® A on Ahy requiring that 

the element a® a' & A® A acts on 6 £ ^ by mapping it to S~^{a')ba. Pulling 
this action back along 'J, we get a right action of D{A) on A given by 

b*^ X = 5'~"^(7r'(x(2)))67r(a;(i)) 

The two actions are related via the formulas 

S{x ^ b) = Sib) <^ Soix) and S{b <^ x) = Sd{x) ^ S{b) 

U X = (fii^ a and R = Y^^i tliis action is explicitly given as 

6 «- (8> a) = S'~^(7r'(v?(i) a(2)))&7i'(v?(2) <8> a(i)) 

m 

= J2 S~'^{<fi{i){bi)S{ai)a^2))bv>{2){aj)bja^i) 

m 

= X] v{haj)S~'^{a(^2))aibbja(^^ 

As before, we use the same notation for the restrictions of this action to A 
and A*, so that 

6 «^ a := 6 <^ (e eg) a) = S'~"'"(a(2))&a(i) 

m 

6 «- := 6 «- ((^ (g) 1) = ^ (p{biaj)aibbj 

Note that the restriction of the action to A is just the right adjoint action 
of A'^°P on itself, and as for the left adjoint action considered before, the space 
of invariants is the center Z{A). 

We also introduce the map 

m 

$ : A* — > A, ip {1 «- if) = ^ (p{biaj)aibj = {if <Si id){R'R) 
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This map has similar properties as the map <I>: If C{A) denotes the subalgebra 

C{A) := {x e A* I x{ab) = x{bS-^{a)) for aU a,beA} 
of A* , we have 

for all X G C{A) and all ip ^ A*. Furthermore, $ satisfies 

$((^) <^a = .^(i)(a(2))(^(3)(S'"^(a(i))) $(¥5(2)) 

i.e., it is an A- linear map from A* with the right coadjoint action, built with 
the inverse antipode, to A with right adjoint action of A'^"^. The space of in- 
variants of the right coadjoint action is C{A), whereas the space of invariant of 
the right adjoint action is the center Z{A), so that $ restricts to an algebra ho- 
momorphism from C{A) to Z{A). These properties can be verified directly'^® or 
derived from our construction of $ in a way similar to the proof of the preceding 
proposition. It is also possible to derive them from the corresponding properties 
of as we have 

S{^{^)) = ^ 1) = S{1) ^ S-'*{^) = 

and similarly S{^{ip)) = 

The mappings $ and $ are related in various ways to the Drinfel'd element u. 
Besides the equations 

<^{ip) = (id(8)(/?)(('u®M)A(u"^)) = (id®i^)(A(M"^)(M® u)) 

and 

$(^) = id)(('u ® u)A{u~^)) ^ {ip(» id)(A(u"^)(u ® u)) 

which are direct consequences of the identity for A(u) stated in Paragraph [^Hl 
we also have the following relation: The element g := uS{u~^) is a grouplike 
element.39 If x £ C{A), define x' e A* by x'(a) := x(a.9"^)- Then x' e C{A), 
and^o $(x') = *(x)- 

As it turns out,"*^ the four conditions that $ is bijective, that $ is bijective, 
that ^E* is bijective, and that 5*' is bijective, are all equivalent. If these conditions 
are satisfied, the Hopf algebra A is called factorizable.'*^ 

3.3 If A is the Drinfel'd double of a finite-dimensional Hopf algebra H, the 
mapping $ takes a very simple form. To make this explicit, we decompose the 
dual of the double in the form D{H)* ^ H ®H* , where we use the isomorphism 

H®H* ^ D{H)*, h®Lp^^{ip'®h'^ if' {h)(p{h')) 

From the form of the R-matrix of the Drinfel'd double described in Para- 
graph [2?2l we see that 

n 

R'R = ^ (6* ® h) ®{e® bj){b* (g) 1) 
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so that (g) (ys) = (/i (g) (y9 (g) id){R'R) = {e(^h){ip(^l). A similar formula holds 
for <i> under additional restrictions:''^^ 



Lemma Suppose that ip — J^j ® fj S D{H)* . 

1. If V e C{D{H)), then $(V') = 'S'^*(Vj) ® hj. 

2. If V e C{D{H)), then $(?/') = ® hi- 
proof. For the first assertion, we have 

n 

*(V') = ^ (P* ® h) (g ^/'((e (g 6j)(6* 1)) 

n 

The proof of the second assertion is very similar. □ 

At the end of Paragraph l3.2[ we have expressed the mappings <i> and <i> in terms 
of the Drinfel'd element. In the case of a Drinfel'd double, we can replace the 
Drinfel'd element by the evaluation form to get very similar formulas for their 
inverses: 

Proposition Suppose that D = D{H) is the Drinfel'd double of a finite- 
dimensional Hopf algebra H. Then we have for x E D{H) that 

1. ^-\x) = ((idff. ®S^Y o S^^*){e~^^e) (e^4e)(x) 

2. <^-\x) = {S}, o (^2* ^id)*)(ee-^i) {ee-^^){x) 

Proof. We can assume that x — (p ® h ior f E H* and h E H . Suppose 
that bi, . . . ,bn is a basis of H with dual basis 6^, . . . , 6* . Using the form of the 
R- matrix given in Paragraph 12. 21 we find 

$(((idH. o S^'nie^^f)) iel2f)i^) 

11 

n 

= E ^(^*(2) ® ® ^'(^.(2))))(e ® ® 1) 

e^2)('^(2) ® /»(1))V'(1)(^(2)) 
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where we have used the fact that e is invariant under the antipode observed in 
the proof of Lemma [2T3l Using the definition of e, this becomes 

$(((idH. o S^'*)iel,]e)) {el^]e)ix) = 

71 

E ^*(2)(^'(&j(l)))e-'(5D'(^*(l) ®^'(&.(2)))(^(2) ®/i(l)))^(l)(/i(2)) 

{e(E>b,)(b*(g)l) = 

n 

E ^*(2)(^'(^(i)))e"'(^*(%))</'(2) «'^1)^(&,(2)))^(1)(^2))(£«'&»)(^* ® 1) 

where, in the last step, we have used that the antipode is antimuhiplicative and 
that is cocommutative. Using the explicit form of e~^, this becomes 

71 

E ^*(2)(5'(fejd)))(^*(^Xl))^(2))(^',(2)^"'(/»(l)))^(l)(^(2))(£ ® hKb* ® 1) = 

71 

E ^i(2)(5'^(^j(l)))V'(l)(^(3)) 

5*(fe:(l))(fe,(2)^-'(/i(2)))¥'(2)(fo,(3)^"'(/»(l)))(£®^0(^* ® 1) = 

n 

E fc*(/l(2)^(&,(2))^'(^.(l)))'/'(/i(3)fe,(3)^-'(/i(l)))(£ ® ® 1) 

Using the antipode equation, we can cancel two terms to get 

71 

E b*{h(2Mhi^3)b,S'\h(,))){e ® h){b* ® 1) = 

n 

E '^(/i(3)fej^"'(/i(i)))(e ® /i(2))(fe; ® 1) = 

'^(i)('i(3))'P(3)('5'"^(ft.(i))) (e ® /i(2))(</5(2) ®l) = v3(g)/i = a; 

This proves the first formula. For the second formula, recall from Paragraph l3.2l 
that = S*^o l>-i o Sd, so that we get from the first formula 

^-\x) = {Sh o $-1 o Sd){x) = {Sh o (id®^^)* ^ (e-2ie)(5z5(a;)) 
= (51, o [S^* ® id)* o 51,)(e(-4e) (e^4e)(5c(x)) 

as asserted. □ 
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Note that, in the case where the antipode of H is an involution, these formulas 
reduce to 



which should be compared with the ones given in Paragraph l3 . 21 using the Drin- 
fel'd element. 



3.4 If / : A ^ _B is a morphism of quasitriangular Hopf algebras, then it 
follows directly from the formulas for <i> and $ given in Paragraph 13. 21 that the 
diagrams 





commute, where the index indicates to which Hopf algebra the mapping belongs. 
Applying this to we see that the diagrams 



{A ® AYi 



(A® A)i 



D{Ay 



■D{A) 



{A®A)*i 



{A®A)i 



D{A)* 



DiA) 



commute. Now we have by definition that {A A)p = A A as algebras. But 
these two Hopf algebras have even more things in common: 



Lemma We have C{{A®A)f) = C{A(g>A} and C{{A(S)A)f) = C{A®A) as 
algebras. 



Proof. We have already seen in the proof of Lemma 13.11 that the Drinfel'd 
elements of {A^A)f and A^A coincide. Therefore, the squares of the antipodes 
coincide, too. This implies the asserted equalities as vector spaces. That the 
products also agree follows from the fact that (S*^ (X> S'^){F) = F in our case. □ 



From this lemma, we can extract the following information about the restrictions 
of $ and $: 
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Proposition The diagrams 

C{A) C{A) ■ 



$ O (5 o $) 



and 



C{A) (g) C{A) 



$ (g) (5 o $) 



A(S)A- 



■C{D{A)) 

■Z{D{A)) 
■C{D{A)) 



commute. 



Proof. From the formula Rp = FtRA®AF ^ for the twisted R-matrix, we get 
immediately that R'pRp = FR'j^^j^Ra^aF~^ . Now we have 

m 

R'a®aRa^a= X] hdi® S{ai)hj®akhi®hiS(aj) 

i,j,k,i=i 

and therefore 

m m 

R'pRp = C}2 ^ ® ^^^P^ ®bp® l)i?^^^it!A®A(^ 1 «) ag ig) 6g ® 1) 



p=i 



9=1 



= ^ hkai® S{ap)S{ai)bjaq®bpakbibq®biS{aj) 

i,j,k,l,p,q=l 

For two elements ^,tlJ & C{A), we therefore find 

m 

$(V3 0V')= X] bktti (g) S{ap)S(ai)bjaq(p{bpakbibq)'ip{biS{aj)) 

i,j,k,l,p,q=l 

Now note that 

mm m 

J2 S{ai)bMbiS{aj)) = ^ 5(a06,V'(5(a,)S2(60) = E 

j,;=i j,i=i j,i=i 

m 

= ^ 5-i(5(6,)5(aO)^(5(a,)5(60) 

3,1=1 



.J2S-\bjaiMajbi) = S-\^^)) 
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which is a central element by Proposition 13.21 We can therefore rewrite the 
above expression in the form 

rn 

$((/? «)'(/')= X! ^''■"^ ® S{ap)aqS~^{<^{->Jj))ip{bpakbibg) 

1 

But in this expression, we can cancel the summation over p and g, as we have 

7n rn 

S{ap)aqip{bpakbibq) = ^ S{ap)aqtp{akbibgS'^ (bp)) 

p,q=l P:9=l 
m m 

= ^ apaqip{akbibqS{bp)) = ^ apaq(p{akbtS{bpS^^ (bq))) = lip{akbi) 

p,q=l p,q=i 

After this cancellation, we get 

m 

XI ^feo* (8S'"^($(V'))¥'(afc&») 

= $(^) ® S^^^J)) = (g) S'($(V')) 

where the last step follows from the fact that S'^{^{il])) = u^{ili)u~'^ = 
since $("0) is central. This shows the commutativity of the first diagram. The 
commutativity of the second diagram follows from similar computations. □ 



Note that, in contrast to the factorizable case, it is not true in general that ^ 
maps the center of D{A) to the center oi A® A, as the example of a group ring 
with an R-matrix equal to the unit shows. 

In the whole discussion, it is possible to replace the original R-matrix by R'^^ . 
We have already pointed out above that this interchanges 4" and 4"' as well as F 
and F' . The analogue of is the map that assigns to every & A* the element 
(}d®(p){R~^ R'~^) . If G C{A), this element can be expressed in terms of the 
original map $ as follows: 

'm ra 

{iA®ip){R-^R'-^) = S{a,)bMb;S{a,)) = ^ S{a,)bMS{aj)S\h)) 

m 

= S-\J2 S{b,)S\a,MS{a,)S'{h))) 

m 

where the last step uses the argument from the end of the proof of the preceding 
proposition. Something similar holds for the analogue of $: If G C{A), we have 

(^«)id)(i?-ii?'-i) = S{^{ip)) 
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as can be seen by a similar computation. Therefore, the corresponding commu- 
tative diagrams for are 



and 



C{A) ® CiA) 



(S' o $) ® $ 



A(E)A- 



C{A) ® C{A) 



(50$)®$ 



Ac^A- 



■C{D{A)) 
■C{DiA)) 



3.5 Let us now assume in addition that our quasitriangular Hopf algebra A is 
also factorizable. It is then finite-dimensional and unimodular,^'* which implies^^ 
that a right integral p ^ A* must be contained in C{A). The image of this 
integral under $ is again an integral: 

Lemma $(p) is a two-sided integral of A. 

Proof. It follows from the discussion in Paragraph 13 . 21 that 

for all (f E A*. Because A is factorizable, every a € A can be written in the 
form a = $(iy9), showing that $(p) is a right integral. It is also a left integral 
since A is unimodular, or alternatively because ^{p) is central, as we saw in 
Paragraph 13. 21 □ 



From this lemma, it follows in particular that p{^{p)) = (p p){R'R) ^ 
if /9 7^ 0, because nonzero integrals do not vanish on nonzero integrals. '^^ It also 
shows that a factorizable Hopf algebra is semisimple if and only if it is cosemi- 
simple, because p(\) = and, by Maschke's theorem, A is cosemisimple 

if and only if p(\) ^ 0, and semisimple if and only if e($(p)) ^ 0."*^ Finally, 
it also shows that, for a left integral A G the element $(A) is a two-sided 
integral of A, since we get from Paragraph 13. 21 that S[^{p)) — ^(S^^*{p)). 

We now discuss how the integrals behave under . It is obvious that p ® p 
is a right integral on the tensor product Hopf algebra A ® A. Therefore, a 
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general result on the behavior of integrals under twisting, ^ together with the 
discussion in Lemma [3TT1 yields that it is also a right integral on {A^ A) p . As 
is a Hopf algebra isomorphism, '^*{p (8) p) must be a right integral on D{A)* . 
To make this more precise, we decompose the dual of the double in the form 
D{A)* = A ^ A* a.s described in Paragraph 13.31 We then get the following 
formulas for the integrals: 

Proposition Suppose that A £ A* is a left integral, that p £ A* is a right 
integral, and that F G A is a two-sided integral. Then we have 

1. ^'(A®r) = $(A) (8)r 

2. ^'*(A® A) = $(A) A 

3. ^*{p®p) = p 

Proof. (1) To establish the first assertion, we compute as follows: 
-^{X «) r) = 7r(A(2) r(i)) ® 7r'(A(i) ® Tja)) 

= X! •^(2)(«i)^ir(i) ® A(i)(6j)5(aj)r(2) = ^ A(6-,-ai)&ir(i) ® 5(aj)r(2) 

m m 

= ^ A(fe,a,)6,52(^^.)P^^^ ^P^^^ ^ ^ A(a,52(^^.))^^^2(^^.)P^^^ ^P^^^ 

rn 

= ^ A(a,fej)6,ajr(i) ® r(2) = $(A)r(i) ® r(2) = $(a) ®r 

where unimodularity is used in particular for the fifth equation. 

(2) For the second assertion, we get from Proposition 13.41 that 

$(**(A ® A)) = *-i($(A) S'($(A))) = *-i($(A) $(A)) 

since A £ C(A). But this gives <i>(^'*(A A)) = A ® $(A) by the assertion 
just established. Since C{D{A)) and Z{D{A)) have the same dimension, it now 
follows from Lemma [5751 that*^^ 

**(A ® A) = $-i(A $(A)) = $(A) (g) S-2*(A) = $(A) ® A 

(3) For the third assertion, we substitute 't{p) for F and S*{p) for A into the 
first assertion to get, using another result from Paragraph 13. 2[ that 

® l>(p)) ^ $(S'*(p)) ® = S-'^mp)) (E> I>(p) ® 

Using the second part of Proposition 13.41 on the right-hand side, this becomes 
*(5'*(p) (g) $(p)) = (* o $ o ® p), so that 

® $(p) = (l>o**)(p®p) 
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Since the left-hand side is a two-sided integral of D{A), it is invariant under the 
antipode, so that we can rewrite this equation as 

($ o p) = Sd{S*{p) (E> Hp)) = Soie (E> Hp))Sd{S*{p) 1) 

= (e $(p))(p ® 1) = $($(/o) ® p) 

by the discussion in Paragraph [3T31 Now cancelling $ gives the assertion. □ 
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4 The action of the modular group 



4.1 In our factorizablc Hopf algebra A, we now fix a nonzero right integral p, 
and introduce the map 

l: A-^ A*, a t-^ t(a) P{i){a) p(2) 

The fact that p is a Frobenius homomorphism^^ implies that l is bijective. The 
fact that p G C{A) implies that t is an A- linear map from A with the right 
adjoint action of A to A* with the right coadjoint action, built with the inverse 
antipode, which we have considered in Paragraph l3.2l In particular, l induces an 
isomorphism between the spaces of invariants of these actions; in other words, 
it restricts to a bijection between the center Z{A) and the algebra C{A).^^ 
FoUowing^^ |25], Eq. (2.55), p. 369, we use t to introduce the maps 6 G End(A) 
and 6, e End(^*) as 

e:=5o$oi 6, := S*"^* o i o $ 

It is important to distinguish S* from the transpose 6* of 6. Using the form 
of the R- matrix given in Paragraph [^Hl we have explicitly 

m 

6(a) = ^ p{abiaj)S{aibj) 

The relationship of these maps is clarified in the following proposition, which 
also lists some of their basic properties: 



Proposition 6 is an A-linear map from the right adjoint representation of A 
to itself. In particular, 6 preserves the center Z{A) of A. Furthermore, the 
diagrams 





are commutative, and we have &* o S* = S* o &^ 



Proof. The composition of A-linear maps is A-linear. From the linearity prop- 
erties of $ and i discussed so far, we get that $ o t is A-linear from the right 
adjoint representation of A to the right adjoint representation of A™?; i.e., sat- 
isfies 

(!> o t)(S'(a(i))6a(2)) = 5"i(a(2))(l> o t)(6)a(i) 
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Applying the antipode to this equation gives 6(5'(a(i))6a(2)) = 5(a(i))6(5)a(2), 
which is the first assertion. The preservation of the center is a direct consequence. 
The commutativity of the first diagram follows from the equation 

$ o 6* = $ o S^^* oio(f) = S'o$oto$ = 6o$ 

where we have used the fact that So<b — S^^* established in ParagraDh l3.2l 
To establish the commutativity of the second diagram, we first derive the for- 
mula 6* = i o o l>. For ip G A* and a € A, we have 

where we have used for the second last equality that p G C{A). From this, 
we immediately get the commutativity of the second diagram, as we now have 
©* oi = ioS'o<i)oi = io6. Furthermore, using the results from Paragraph l3.2|, 
we can rewrite the formula for 6* above in the form 6* = i o $ o S~^*, which 
yields 6* o S** = i o $ 5* o □ 



It may be noted that the commutativity of the second diagram is equivalent to 
the condition p{&(a)b) = p{a&{b)), which is an adjunction property of 6 with 
respect to the associative bilinear form determined by the Frobenius homomor- 
phism p. 



4.2 As we have explained in Paragraph 12.11 R'^^ is always an alternative 
choice for the R-matrix of a quasitriangular Hopf algebra. This raises the ques- 
tion how & is modified if one replaces R by R'~^. The answer to this question 
is that, up to a scalar multiple, S turns into its inverse: 

^ m 

Proposition 6~'^(a) = ^ p{aa^bj)S'^{aj)b^ 

Proof. Because A is finite-dimensional, it suffices to prove that 

m 

^ p{aa,bj)&{S^{a.j)h) = {p®p){R'R) a 
To see this, we use the identity p(ab(i))S{b(2)) = p{cL{i)b)a{2) to compute 

m m 

p{aaibj)&{S^{aj)bi) = ^ p{aa^bj) p{S'^{aj)hibkai) S{akbi) 

ijj — l i,j,k,l—l 

m m 

^ X! Pi^^i^j) Pihbkaiaj) S{akbi) = ^ p{aai(i)bj(^i)) p{btaj)S{ai{2)bj{2)) 

i,j,k,l—l — 1 

m 

= m P(a(i)ai^j) p{biaj) a(2) = p(a(i)$(/))) a(2) = p($(p)) a 
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where the last step follows from Lemma [5751 □ 

This formula has an interesting consequence for the restriction of 6 to the 
center: 

Corollary For all a e Z{A), we have 6'^ (a) ^{p® p){R' R) S{a). 

Proof. In this case, we get from the formula in the preceding proposition that 

rn m 

{p® p){R'R) &^^{a) = ^ p{aaibj)S'^{aj)bi = ^ p{aaiS^'^{bj))ajbi 

ni m 

= X! P{b]aai)ajbi = ^ p{abjai)ajbi ^ S^^{&{a)) 
which becomes the assertion if wc insert 6(a) for a. □ 

By rescaling p if necessary, we can achieve that {p ® p){R'R) = 1, as we saw in 
Paragraph 13.51 that this expression is nonzero, and in our algebraically closed 
field every element has a square root. In this case, the formula in the preceding 
corollary asserts that 6^ (a) — S{a) for all a £ Z{A). 

4.3 Recall^'^ that a ribbon element is a nonzero central element v £ A that 
satisfies 

/\{v) ^ {R' R){v ® v) and S{v) ^ v 

It foUows^^ that V is an invertible element that satisfies e{v) = 1 as well as 
v~'^ = uS(u). We use it to define the endomorphism 

T : A ^ A, a va 

which is just multiplication by the central element v. The fact that v is cen- 
tral directly yields the equation p(T(a)6) = p{a1{b)), which can, as for 6 in 
Paragraph 14. 1[ be expressed by saying that the diagram 

A* <~A* 



A ^ ^A 

is commutative. 

The decisive relation between S and T is the following: 
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Proposition 6 o T o 6 = p{v) T -"^ o 6 o T ^ 
Proof. From Proposition 14.21 we have 

p($(p)) (6-ioToe)(a) = p($(p)) p{ab,a,)e-\vS{a,b,)) 

m 

= ^ p{abiaj)p{vS{aibj)akbi)S^{ai)bk 

i,j,k,l — l 
m 

= ^ p{abiaj)p{S'^{hi)vS{bj)S{ai)ak)S^{ai)bk 

i,j.k.l — l 
m 

= ^ p{aS~^ {hi)S~^ {aj))p{vbibjaiak)aihk 

i,j.k.l — l 
rn 

= X! P(«'5'"^(foj(2))'5'"^(aj(2)))p(w6jaj)aj(i)5i(i) 

Using that (1 ® w~^)A(w) = X]rj=i ^^^j^fi ® ajbi, we can write this in the form 
p($(p)) (6-1 oToe)(a) = p(a^-i(i;(-4i;(3)))p(i;(i)>(-Ji;(2) 

On the other hand, we have that 

A(w-i) = {v-^ ® = ^ v-^a,bj ® i;~iS'-i(6i)S'(aj) 

so that Proposition 14.21 also imphes that 

m 

p($(p)) (T-ioS-ioX-i)(a) - ^ p(«-iaa,6,)i;-i^2(^^.)^_^(„^-i) ^(^-i) 

Comparing both expressions and using S{v~^) = v~^, we get that 

{6-^ o 1 o S)(a) = p(t;) (T^i o 6"^ o 1-^){a) 
which is equivalent to the assertion. □ 

The restrictions of 6 and T to the center of A induce of course also auto- 
morphisms of the corresponding projective space P{Z(A)) of one-dimensional 
subspaces of Z{A), which are even independent of the choice of the integral p. It 
is a consequence of the results above that these automorphisms yield a projective 
representation of the modular group: 
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Corollary There is a unique homomorphism from SL(2,Z) to PGL{Z{A)) 
that maps s to the equivalence class of 6 and t to the equivalence class of 1. 

Proof. The homomorphism is unique because s and t generate the modular 
group, as discussed in Paragraph 11.11 For the existence question, recall the 
defining relations 5** = 1 and (ts)'^ = s^. Because the square of the antipode is 
given by conjugation with the Drinfel'd element, it restricts to the identity 
on the center, and therefore CoroUarv 14. 21 implies the first relation needed. The 
second defining relation tststs = can also be written in the formsts = t^^5t^^, 
and therefore it follows from the preceding proposition that this relation is 
satisfied, too. □ 

The proof shows that if {p ® p){R'R) — 1 and p{v) = 1, we even get a linear 
representation SL(2, Z) GL(Z{A)) by assigning 6 to s and T to t. However, 
this happens if and only if p{v) = p{v~^), as we see from the following lemma:^'^ 

Lemma (p p){R'R) = p{v)p{v^^) 

Proof. We have seen in Lemma [3.51 that = /o(w^^W(i))w~^W(2) G A is a 

two-sided integral. We therefore have 

p{v-^v^^l))v(2) = vHp) - e{v)^{p) = ^(/o) 

Now there is a grouplike element g € A, called the right modular element, that 
satisfies a(i)/9(a(2)) = gp{a) for all a G A, and furthermore p{ag) — p{S~^{a)).^^ 
The preceding computation therefore yields that 

(p ® p){R'R) = p{Hp)) = P{V-^V(^))P{V(2)) 

= p{v-'g)p{v) = p{S-\v-^))p{v) = p{v-^)p{v) 

as asserted. □ 

It may be noted that we have discussed after Lemma 13.51 that this quantity is 
nonzero if p is nonzero. Furthermore, since A is unimodular, the right modular 
element g that appears in the preceding proof is exactly the grouplike element, 
also denoted by that appeared in the discussion at the end of Paragraph l3.2l ^^ 
It should also be noted that we do not claim that it is impossible to modify the 
representation so that it becomes linear.^" 

4.4 We have seen in Proposition l3.5l that pr, :— '^*{p®p) = ^{p)®p is a right 
integral in D{A)* . As in the case of A itself, we therefore get an isomorphism 

iD ■■ D{A) D{A)*, X ^ ld{x) := PDii){x) Pd{2) 
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Since po is defined as the image of p ® p under the Hopf algebra homomor- 
phism it is obvious that the diagram 



D{Ay 



I'D 



D{A) 



■ A® A 



commutes, as we have aheady pointed out in Paragraph 13.51 that p® p is also 
a right integral in {A® A)*p. Combining this with Proposition 13.41 we get the 
following commutative diagram: 



Z{D{A)) 



■ Z{A) ® Z{A) 



$ O t£) 



Z{D{A)) 



($ O t) (g) (5 o $ o t) 



■ Z{A) ® Z{A) 



From the general formula for the antipode of a twist mentioned in the proof of 
Lemma 13.11 it is immediate that the antipode of {A® A)f coincides with the 
antipode of A (g) A on the center. This implies that the following diagram is also 
commutative: 



Z{D{A)) 



e 



Z{D{A)) 



Z{A) ® Z{A) 



&(®{So&) 



Z{A) ® Z{A) 



The ribbon element can be treated in a similar way. It is immediate from the 
definition that a ribbon element v ^ A satisfies 

which means that is a ribbon clement for A endowed with the alternative 
R-matrix B!~^ . This implies that v ® v^^ is a ribbon element for A® A^ en- 
dowed with the R-niatrix Ra®a considered in Paragraph 13. II It is not difhcult 
to see that a ribbon element stays a ribbon element if the coproduct of the Hopf 
algebra is twisted, and therefore v®v~'^ is also a ribbon element for (^A® A)p. 
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This enables us to define a ribbon element vd oi the Drinfel'd double D{A) by 
setting VD ■= ^'"^(-y ® w"^). So, if we define 1 e End(Z3(>l)) to be the multi- 
plication hy Vd, BS in Paragraph 231 it is obvious that the following diagram is 
commutative: 



D{A) 



D{A) 



■A(SiA 



1(8)1- 



A ^ 



Note that it follows from Lemma 13.11 that in the case that the ribbon element 



is the inverse Drinfel'd element, so that v = 
of D{A) is also the inverse Drinfel'd element. 



the arising ribbon element 



4.5 As we have discussed there, the projective representation of the modular 
group on the center of A described in Corollary 14.31 is not induced by a linear 
representation in general. However, the situation is better for a certain tensor 
product: 

Lemma There is a unique homomorphism from SL(2, Z) to GL(Z(j4) ® Z{A)) 
that maps s to 6 (g) and t to 1 8) 1~^. 



Proof. As in the proof of Corollarv l4.31 we have to check the defining relations 
s"* = 1 and (ts)^ = s^. For the first relation, we have by Corollarv l4.2l that 

{p®p){R'R) 

which implies the assertion, since S"^ = id on the center. It should be noted that, 
in contrast to S, the endomorphism is independent of the choice of an 

integral. The second defining relation can be rewritten in the form sts = t~^st~^, 
as in the proof of Corollarv l4.3l This now follows from Proposition 14. 3( too, as 
we have 

(e 8) 6-1) o (1 1-1) o (e ® 6-1) = 44(2^"^ ® 1) o (6 ® 6-1) o (1-1 ® 1) 

p[v) 

and the factors p{v) involved now cancel. □ 

The associated projective representation on the projective space P{Z{A)®Z{A)) 
is the tensor product of two projective representations: The first is the one 
constructed in Corollary 14.31 and the second is the first one twisted by the 
conjugation with the matrix a described in Paragraph 11.11 This implies that 
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when p(v) — p{v = 1, in which case these two projective representations lift 
to ordinary linear representations, we can write 

g.{z ® z') = g.z (g) g.z' 

This equation holds because it suffices to check it on generators, and for the 
generators we observed in Paragraph 11.11 that g = g~^ . 

From Corollarv l4.3[ we also get a projective representation of the modular group 
on the center of the Drinfel'd double D{A), using the integral po — '^*{p®p) and 
the ribbon element vn = '■^^^{v ® v^^) introduced in Paragraph 14.41 Suppose 
now that p is normalized so that {p® p){R' R) = 1. By Lemma we then have 

Pd{vd) = p{v)p{v-^) = (p ® p){R'R) = 1 

and similarly also that Pd{v]j^) = 1. Therefore again by Lemma 14.31 we can 
conclude for the R-matrix of the Drinfel'd double that [po® Pd){R'R) = 1- By 
the discussion in Paragraph 14.31 this means that the projective representation 
on Z{D(A)) is induced from an ordinary linear representation. Clearly, 4" is 
equivariant with respect to this action and the one considered in the preceding 
lemma: 

Proposition For all 5 G F and all z e Z{D{A)), we have ^'(g.z) = g-^{z). 

Proof. It suffices to check this on generators, i.e., in the case g — 5 and g = i- 
But in these cases the assertion is exactly what we have established in Para- 
graph|43 because S o & = by Corollarvl42l □ 

It should be noted that in the case p[v) = 1, in which the projective representa- 
tion on Z[A) lifts to a linear representation, the formula in the proposition can 
be written as 

■^{g.z) = {g®g).-^[z) 
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5 The semisimple case 



5.1 Let us now assume that our quasitriangular Hopf algebra A is factorizable, 
semisimple, and that the base field K is algebraically closed of characteristic 
zero. In this case, A is also cosemisimple and the antipode is an involution. 
By Wedderburn's theorem, we can decompose A into a direct sum of simple 
two-sided ideals: 

i=l 

For every i = 1, . . . , A:, we can then find a simple module such that the corre- 
sponding representation maps li isomorphically to End(Vi) and vanishes on the 
other two-sided ideals Ij if j ^ i. We denote the dimension of Vi by n^. We 
can assume that Vi = K, the base field, considered as a trivial module via the 
counit. We denote the character of Vi by x^, so that, for a £ A, 

Xi(a) := tr(a \ v,) 

is the trace of the action of a on . We then have that the character xr. of the 
regular representation, i.e., the representation given by left multiplication on A 
itself, has the form 

k 
i=l 

This character is a two-sided integral in A* .^^ 

The subspace of A* spanned by the characters Xii • • ■ i Xfc is called the character 
ring of A, and is denoted by Ch{A). It is easy to see that it really is a subalge- 
bra of A* , which consists precisely of the cocommutative elements. Because the 
antipode is an involution, this means that the character ring Ch(A) coincides 
with both of the algebras C{A) and C{A) introduced in Paragraph 13.21 and 
Proposition 13.21 therefore asserts that $ induces an isomorphism between the 
character ring and the center Z(A), which is spanned by the centrally primi- 
tive idempotents (z h- The first idempotent ei is then a two-sided integral 
normalized such that e(ei) = 1. Note that it follows from the discussion in 
Paragraph 13.21 that the restrictions of <!> and $ to Ch(A) are equal, because 
the grouplike element g :— uS{u^^) is the unit element in this case.^"* The cen- 
ter Z{A) is a commutative semisimple algebra that admits exactly k distinct 
algebra homomorphisms wi, . . . ,Wfc to the base field, which are explicitly given 
as ^ 

uj^ ; Z{A) K, —Xi{z) 

Hi 

These mappings are called the central characters; they satisfy uji{ej) — Sij. 
Because $ is an algebra isomorphism between Ch.{A) and Z{A), Ch{A) is 
also a commutative semisimple algebra, whose k distinct algebra homomor- 
phisms £,1, . . . ,£,k to the base field are given as := cj^ o $. The primitive idem- 
potents pi, . . . ,pk of the character ring are accordingly given as pj :— '^~^{ej) 
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and satisfy ^i{pj) — Sij. The first primitive idempotent is then proportional to 
the character of the regular representation; more precisely, we have XR = npi.^^ 

Because the pairing between the character ring and the center is nondegenerate, 
a linear functional on the character ring can be uniquely represented by an 
element in the center. Therefore, there exist elements^^ zi, . . . , Zk £ Z{A) such 
that ^i(x) — xi^i) for all x G Ch{A). They are explicitly given as 




We will call zi, . . . , Zk the class sums, as they are related to the normalized 
conjugacy class sums in the group ring of a finite group. Note that zi — 1. 

For every simple module Vi, its dual V* is again simple. Therefore, there is a 
unique index i* G {1, . . . , fc} such that V* = Vi" . The character of this module 
will also be denoted by x* '■— Xi'- The map i ^ i* \s an involution on the 
index set {1, . . . , fc}. Because the use of the antipode in the definition of the 
dual module, characters, centrally primitive idempotents, and central characters 
behave as follows with respect to dualization: 

Xi' = S*{xi) ei* = S(ei) w^. =uJiO S 

We have derived in Paragraph [3?2l that S{<^{(p)) = Since A is 

involutory and $ and $ agree on the character ring, we get furthermore that 

Ci* = ii o s* = s*{pt) 

which implies the formula Zi* = S{zi) for the class sums. 

Using duals, we can express the character XA of the left adjoint representation 
in the form^* 

k 

XA = ^ XtX* 

i=l 

This in turn enables to invert the expansion Xj = ^i{Xj)Pi of the characters 

in terms of the idempotents: 

Proposition For i = 1, . . . , fc, we have 

Proof. The element X]j=i Xj Xj* is a Casimir element;^^ i.e., it satisfies 

k k 

XXj 8) Xj* = X! ® ^i' ^ 
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for all X G Cli(^). Applying to the first tensor factor, we get 

k k 

This shows that ii{Xj)Xj' is proportional to pi. Since £,i{pi) — 1, we find 

that the proportionality factor is ^i(X]j=i ii{Xj)Xj') = iiiXA)- This proportion- 
ality factor cannot be zero, since the element itself is not zero, so the assertion 
follows. □ 



5.2 As A is involutory, u is central. As explained in Paragraph l5.1[ u is also 
invariant under the antipode, and therefore we can in this situation use as 
a ribbon element. For this ribbon element, the quantum trace coincides with 
the usual trace, so that the categorical dimensions coincide with the ordinary 
dimensions rii introduced above. Clearly, we can expand the Drinfel'd element 
and its inverse in terms of the centrally primitive idempotents: 



w = ^Miej u ^ = —ej 

t—1 2—1 

for numbers Ui ^ K , which are nonzero because the Drinfel'd element is invert- 
ible. Using these numbers, we define the diagonal matrix''^ 

T := ( — Sij)i j^i k 

Because for this ribbon element T is the multiplication by this matrix 

represents the restriction of 1 to the center with respect to the basis consisting 
of the centrally primitive idempotents. Furthermore, we will need an auxiliary 
matrix, the so-called charge conjugation matrix C := {6i.j*)i,j=i....,k, which is 
the matrix representation of the action of the antipode on the center of A with 
respect to the basis consisting of the centrally primitive idempotents. It is also 
the matrix representation of the action of the dual antipode on the character 
ring with respect to the basis consisting of the irreducible characters. 

We define still another matrix, the so-called Verlindc matrix S, which should 
not be confused with the antipode:^^ 

Definition The Verlinde matrix is the matrix S = {sij)ij=i^,,,^k with entries 

S^J ■■= ix^^XJ)iR'R)^X^{HXJ)) 

We list some well-known properties of the Verlinde matrix: 
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Lemma The Verlinde matrix is invertible. Its entries satisfy 





3. Sij = rijC»(Xj) 

Proof. The first property follows from the trace property of the characters. 
The second property can be deduced from the fact that (5 ® S){R) = R. The 
third property follows from the definitions: 



This also shows that the Verlinde matrix is invertible: Expanding the characters 
in terms of the idempotents, we have Xj = T^\=i^i{Xj)Pi^ so that the matrix 
(^i(Xi)) is invertible as a base change matrix, and the Verlinde matrix is, by the 
third property, the product of this matrix and an invertible diagonal matrix. □ 

In contrast to the matrix T, the Verlinde matrix is not exactly the matrix rep- 
resentation of S with respect to the centrally primitive idempotents, although 
these two matrices are closely related. To understand this relation, recall that 6 
depends, via i, on the choice of an integral p £ A*. Because the space of integrals 
is one-dimensional, p has to be proportional to the character xr. of the regular 
representation, so that p — kxr for ^ nonzero number k d K. Although it is 
in principle possible to fix k by normalizing the integral in some way, we will 
see that it is convenient not to do that at the moment and to keep k as a free 
parameter. With this parameter introduced, let us see how the maps $ and t 
behave with respect to the new bases introduced in Paragraph l5.1l 

Proposition For all z = 1, . . . , A:, we have 

1- *(X») = ^iZ^ 

2. i(ei) = KHiXi 

3. = K£,i{xA)Pi* 

Proof. For the first assertion, we note that by the above lemma 



so that the definition of the class sums from Paragraph 15. II can be rewritten in 
the form 



r) ■ n ■ 



ni^tiXj) 



nj^jiXi) 
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Expanding ^(xi) terms of centrally primitive idempotents, we therefore have 

k k 

i=i i=i 
For the second assertion, we have by definition of t that 

k 

i{ei){a) = KXRieio) = K^njXjieia) = KUiXiia) 

The third assertion follows from the second assertion, together with Proposi- 
tion 15.11 and the formula for the class sums given in that paragraph. We then 
find 

k 

= l^^^i{X3)Xj = KCiiXA)?^ 

where we have used that Ci'(xi*) = 6(Xi) and Ci'(XA) = ^tiXA)- □ 

From this proposition, we can deduce the precise relation of the Verlinde matrix 
and the matrix representation of 6 resp. 6*. Up to scalar multiples, 6 maps 
idempotents to class sums, and vice versa. Similarly, 6, maps idempotents to 
multiples of characters and characters to multiples of idempotents: 

Corollary fc 

> z. 



k 

2. &{ej) = KU^Zj* = —Sj'iti 

%—l 

fe 

3. 6,(xj) = Knj^j{xA)Pj = K^Sj^.Xi 

1=1 

fe 

4. &*{pj) = KTljXj* = ^E ~^il*Pi 

Proof. If we apply <i> to the formula in Proposition 15.11 and use the preceding 
proposition, then we get 
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Since $ and $ coincide on the character ring, we get from the definition of & 
in Paragraph 14. 1 1 that 

e{zj) ^ K£_j{xA)S{^{pf.)) = K£.j{xA)ej 

Combining these two formulas, we get the first statement. For the second state- 
ment, we get from the preceding proposition that 

e(e,) = f^n.smxj)) = ^n]z,. = nn] ^ ^^^^^ 

For the third statement, recall that by its definition in Paragraph 14. II we have 
6* = 5* o (, o so that the preceding proposition gives 

fc k 

&*iXj) = njS*{L{zj)) = Knj^j{xA)Pj = « " i^^Sj^^Xi 

i=l 1=1 

where the third equation follows from Proposition l5.1l For the fourth statement, 
we have 

fc fc 

Til 



&*{Pj) = S*{t{ej)) = KUjX]' = K^nj^i{xj')pi = -;f-Si]'Pt 
as asserted. □ 



i—i 



5.3 The fact that the matrices S and T are essentially the matrix represen- 
tations of 6 and 1 implies that they essentially satisfy the defining relations of 
the modular group. More precisely, they satisfy the following relations:^^ 

Proposition 

= dim(A) C STS = xniu'^) T-^SCT-i 

Proof. By Corollarv l5.21 we have 

fc fc 

1=1 i,i=i 



On the other hand, it follows from Corollary [421 and Lemma l4~3l that 

e^(a)^ p{u)p{u-^)S{a) 

Inserting a = Cj into this equation and comparing it with the preceding one, we 
find 

fc 

Hi 



i,/=i 
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which impHes p{u)p{u = ^j'l^i'i comparing coefficients. 

Now note that by Lemma l473l 



-^p{u)p{u ^) = XRiu)XR{u ^) = XRi'^iXB)) = dim{A) 

because $(X-r) is an integral satisfying e(<i>(xi?)) = dim(yl) by Lemma l375l This 
shows that^^ 

k 

Siisij = dim{A)Sij* 

1=1 

which is the first assertion. 

For the second assertion, recaU that 6 o 1 o 6 = p{u~^) o 6 o by 
Proposition 14.31 By Corollary 15. 21 we have 

k 



(6 o T o 6)(e,) = « V ^s,M-6(eO = 

^ ^ TJ; til ^ ^ Tl.- Ill 

as well as 



, ni Ul ^ Tii Ul 

1=1 1,1=1 



k 

1=1 



Comparing coefficients, we find that'' 

k 



ESj*lSi*i _i 
= p(U ) UiUjSj*i 



Ul 

1=1 

or alternatively that X)/Li "117^ — XR{u^^)uiUjSji' , which gives the second 
relation. □ 

In the proof of the first matrix identity above, we have used one of the two 
formulas for &{ej) given in Corollarv l5.2l Using the other form reveals another 
interesting identity: 



Corollary ^Xa) ^ ^ 

Proof. From Corollarv l5.2l we have 

S^(ej) = Kn|6(zj.) = K^n^j^j{xA)ej' 

But in the proof of the preceding proposition, we have derived that 

S^(ej) = p{u)p{u-^)ej* 

and also that p{u)p{u^^) = dim(yl). Therefore, the assertion follows by com- 
paring coefhcients. □ 
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It should be noted that ^i{xA) is an eigenvalue of the multiplication with the 
character XA corresponding to the eigenvector pi, and therefore an algebraic 
integer. As the corollary shows, it is also a rational number, and therefore an 
integer. This yields the well-known^^ result that nf divides dim(yl). 

It should furthermore be noted that the preceding corollary can also be used to 
give a different proof of the equation = dim(yl) C, as we have 

fe k 

1=1 1=1 

where the first equation follows from Lemma l5.2l and the second equation from 
Proposition l5.ll 

5.4 We proceed to carry out a more precise comparison of our setup with the 
setup in |55]. For this, we need the following lemma: 

k 

Lemma '^mu'^uj^ ^ rijXRiu^^) 
1=1 

Proof. Since A(u) = {R'R)~'^{u (g)u) = {u(g) we have 

^niU-\-^Sij ^^n,u-^u-^{xi®Xj)iR'R) =^ni{xi Xj){Hu-'^)) 

i—1 i—l i—1 

= (Xfl®Xj)(A(M"')) = ixRXjKu'^) ^ n,XR{u-^) 

where the last equality follows from the fact that the character of the regular 
representation is an integral. □ 

As we have already pointed out in Paragraph 15. 2[ categorical dimensions and 
ordinary dimensions coincide for our choice of a ribbon element, so that the 
numbers dim(i) introduced in ^5S], Sec. II. 1.4, p. 74 are equal to n^. Also, since 
our ribbon element is u~^, it is clear that the numbers Vi and A introduced in 
[55] . Sec. II. 1.6, p. 76 are equal to 1/ui resp. X-r(")- K therefore follows from 
the preceding lemma that the parameters di introduced in [5S], Sec. II. 3. 2, p. 87 
are in our case equal to di = ni/xR{u~^), which is in accordance with j58| . 
Lem. II. 3. 2. 3, p. 89. For the rank V, we have the two choices V = ±-\/dim(j4). 
The equation dim(A) = Xr.{'^)xr{u~^) observed in Paragraph l5.3l then becomes 
the equation A = daV^ in [58j, Sec. II.3.2, Eq. (3.2.j), p. 89. 

5.5 We now illustrate the preceding considerations by inspecting an example 
given by D. E. Radford.^® Consider a cyclic group G of order n. Denote the 
group ring by A = K[G\^ and fix a generator g of G. As A is cocommutative. 
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A is certainly quasitriangular with respect to the R-matrix 1 ® 1. However, 
with respect to this R-matrix, it is not factorizable. Radford has determined all 
possible R-matrices for A, and shown that A can only be factorizable if n is 
odd, what we will assume for the rest of this paragraph, and that in this case 
the R-matrix necessarily has the form 



n — 1 



where C is a primitive n-th root of unity.®" To follow his convention, we will 
deviate in this paragraph from the enumeration introduced in Paragraph 15.11 
and enumerate the (centrally) primitive idempotents in the form eo, . . . , e„_i 
instead of ei, . . . ,6^; note that n = fc in the present situation. They are then 
given by the formula®^ 

n-1 



2 = 



The irreducible characters are determined by xA^j) — ^ij ^^'^ therefore satisfy 
Xiig) — C- Radford also gives the following formulas for the Drinfcl'd element 
and its inverse:®^ 

n— 1 n— 1 

1=0 i=0 

He also gives the formula A{u~^) ~ '^^ijlo C*'*"''"''* ® ej for the coproduct of 
the inverse Drinfel'd element, from which we get that 

n-1 

R'R = (u ® u)A{u-^) ^ C^'^e, ® 

ij=0 

This means that the entries of the Verlinde matrix are given as 
so that, using Corollarv l5.2i we find the expressions 

n-1 
1=0 

for the mappings & and T, since T is the multiplication by u~^. 
The reason for mentioning this example is its following feature: 

Proposition We have 



xr{u-') 



Xi^(u) if n = 1 (mod 4) 
— Xfl(u) if n = 3 (mod 4) 
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Proof. From the form of the inverse Drinfel'd element given above, we see that 
X-r('" = J2i=o C is the quadratic Gaussian sum. As the quadratic Gaussian 
sum transforms with the Jacobi symbol under change of the root of unity,^^ we 
have 

The assertion now follows from the first supplement to Jacobi's reciprocity 
law.*'' □ 

For the discussion in Paragraph l4.31 this result means that the two conditions 
(p ® p){R'R) = 1 and p{v) — 1 can not always be simultaneously satisfied. It 
also means that Lemma 14.31 can, in a sense, be considered as a generalization 
of the formula for the absolute value of the quadratic Gaussian sum.*^ We will 
further elaborate on this analogy in Paragraph II 2. II 
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6 The case of the Drinfel'd double 



6.1 In the case where A is the Drinfel'd double D = D{H) of a semisimple 
Hopf algebra, it is possible to give another description of the action of the 
modular group that will play an important role in the sequel. We therefore 
suppose now that 77 is a semisimple Hopf algebra over an algebraically closed 
field of characteristic zero, and set A — D{H), its Drinfel'd double. First, recall 
from Paragraph l2.3l that the two-sided integral of the Drinfel'd double has the 
form Ad = A (g) F for an integral A G H* and an integral T G H. We can 
choose these integrals in such a way that e(F) — 1 and A(F) = 1. They are then 
uniquely determined and satisfy A(5'(F)) = 1 as well as A(l) = dim(iJ).^^ From 
Paragraph [531 we then know that the right integral po on D given by 

PD{v(E>h) ^ (y5(r)A(/l) 

satisfies pd{u~^) = pd{ud) = 1, which implies that {po 'S' pd)[R'R) = 1 by 
Lemma 14.31 and pd{^d) — -^(r)^ = 1- By comparing normalizations, we see 
that the character of the regular representation is xb. — dim(iJ) pu, so that we 
have 

Xr{u~^) = Xr{ud) = dun{H) 

This means on the one hand that the parameter k — kd, introduced in Para- 
graph [STU is in the case of the Drinfel'd double with these normalizations given 
by = d\m{H) 1 ^^"^ other hand means that, as discussed in Para- 

graph |4]3l the representation of SL(2, Z) on the center is not only a projective 
representation, but rather is linear. 

Recall from Lemma l373l that, under the correspondence H ®H* ~ D* described 
there, the restrictions of <f> and $ to the character ring are just the interchange 
of the tensorands. From this, and the fact that the antipode is an involution, 
it is clear that the evaluation form e introduced in Paragraph 12.21 which is 
contained in the character ring, is mapped under $ and $ to the inverse Drinfel'd 
element u~j^ ^ which, as discussed in Paragraph 15.11 can be used as a ribbon 
element. Another consequence of these considerations is the following fact: 

Lemma Suppose that z = ipj ® hj is a central element. Then we have also 

j 

Proof. Put X '■= By Lemma [3.31 we then have x — J2j ® V'i- But 

we have also seen in Paragraph 13.31 that ^{x) = ^ji^ ^ ^ !)■ Since $ 

agrees with $ on the character ring, the assertion follows. □ 

For the right and the left multiplication with the evaluation form, we now intro- 
duce the notation and X*. In other words, we define the endomorphisms 
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and T, of D* by 



This notation is justified by the foUowing proposition, which should be compared 
with Proposition 14. II 



Proposition The diagrams 





are commutative. 

Proof. The commutativity of the first diagram foUows directly from Proposi- 
tion [321 as we have 

$(T,(V)) = ^ii^e) = $(V^)$(e) = = 

Also in Paragraph l3.2( we saw that $(e'0) = ^{e)^{ip) — w^^l>('(/'), which yields 
the commutativity of the second diagram. □ 



This proposition implies that we also get a representation of the modular group 
on the character ring of the Drinfel'd double by mapping the generator s to the 
restriction of S* and the generator t to the restriction of T*. This action is, 
via <I>, just conjugate to the action on the center constructed in CoroUarv 14.31 
Note that T* and T* really preserve the character ring, as they are left resp. right 
multiplication with the character e. As the character ring is commutative, these 
two endomorphisms in fact coincide on the character ring. 



6.2 The second construction of the modular group action alluded to above is 
based on the following maps 9\ and Ui, which should not be confused with the 
R-niatrix: 

Definition We define the endomorphisms £H and ^ of D by setting 

$H(a) := e(a(i))a(2) 5H(a) := e(a(2))a(i) 
Furthermore, we define the endomorphism of D* as 
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In other words, we set EH, = T*, the transpose of T. Note that we also have 
W = and m* = X,. 

These maps are related in a similar way as the ones considered earlier: 



Proposition The diagrams 





are commutative. 

Proof. (1) Recall from Paragraph 12. 21 the formula = X]r=i K *^ where 
bi, . . . ,bn is a basis of H with dual basis 6^;, . . . , 6* . Recall further that we have 
set up in Paragraph 16.11 a correspondence between H ® H* and D*, so that 
we can associate with every h ^ H and (p G H* an element ijj G D* . For this 
element, we find that 



which implies that 

= e((e /i(2))((^(i) ® 1)) (e /i(i))(<^(2) ® 1) 
= ® l)(e ® /i(2))) (e «> /i(i))((p(2) ® 1) 

= (/l(2)) (e® /l(l))(¥'(2) <»1) 

(2) On the other hand, for a ^ ip' ® h' ^ D, we have by the centrality of the 
Drinfel'd element that 

n 

9^*(V')(a) = V'(wD^a) ^ 1)ud^(£ ® h')) ^^^l){Lp'b* ® b,h') 



1=1 1=1 

= V5'(/l(l))(/3(l)(/l(2))^(2)(^') 
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This means that G D* corresponds to (/5(i)(/i(2))/i(i) ® (p(2) & H ^ H* . 

By the preceding computation of $, we therefore have 

$(fR,(^)) = (^(i)(/i(2)) (e ® /i(i))(<^(2) 1) = ^(^(V-)) 
This estabhshes the commutativity of the second diagram. 

(3) The commutativity of the first diagram is a consequence of the commuta- 
tivity of the second. As discussed in Paragraph l5.ll we have Sd{ud) — ujj, and 
therefore Sf^ o$K, — o From the proof of Lemma [^751 we have Sfj{e) = e, 
which imphes that Sd o $K = o Sd- As we saw in Paragraph 13. 2i we also have 
Sd o $ $ o S}) as a consequence of involutivity, so that 

5r, o $ o = !> o o = $ o fR, o 5*1) 

= mo^oS}) = u\oSDO<^> = SDomo^ 

After cancehing the antipode, this is the commutativity of the first diagram. □ 

It is interesting to look at the linearity properties of our new maps: 
Lemma For all a, 6 G I?, we have 

1. ^n(5^i(6(i))a6(2)) - 5^H6(i))5H(a)6(2) 
In particular, d\ and both preserve the center of D. 

Proof. By the symmetry property of the evaluation form e recorded in Para- 
graph [2111 we have 

^('5'D^(6(i))a^2)) = e(S'^\6(2))a(i)6(3))S'^\6(i))a(2)6(4) 
= e(a(i)fo(3)5'^H^2)))5'z3^(fc(i))a(2)^4) 
= e(o(i))S'^^(6(i))a(2)6(2) = S'^\6(i))9^(a)5(2) 

For the second assertion, we have similarly that 

9^(6(i)aS'^^(6(2))) = 6(i)a(i)S'~^(6(4))e(6(2)a(2)S'^^(6(3))) = 6(i)9^(a)S'~i(6(2)) 

These computations do not use that the antipode is an involution; however, this 
is necessary for the statement about the center, because a is central if and only 
if S'D(6(i))a6(2) — Soib) a for all b G D, a. relation that is then preserved by 9i. 
A similar argument shows that preserves the center. □ 
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6.3 One important step in the second approach toward the action of the mod- 
ular group is the following relations between our maps: 

Proposition 

T* o SK, o = o o 91, T, o o 1, = *H, o T, o 

Proof. As discussed in Paragraph lS.li we have Sd{ud) = in our case. It 
then follows from Proposition [2^ that e^^ = pd(2){u^)pd(i)- We therefore get 

Since pjj is an integral, we can rewrite this as^^ 

- {pD(2)SumuD^)^-\pD(i)) 

= PD(i){u^]l))SD{^){u'^\^.^)pD(2){uD)pD(l) 
= PD(2) (-Sd (V') ) {UDU^\^-^)PD(1) 

Using the formula that expresses $ in terms of the Drinfel'd element given at 
the end of Paragraph l3.21 this can be written as 

^:\i:;'m = PD(2){mASnm))pD(i) 

- PDi2)mHs*j,{m)PDii) = {epDi2))ms*D{mpDii) 

where the second equality follows from Proposition 16.21 Using the relation be- 
tween $ and the Drinfel'd element backwards, this becomes 

Now po is in our case also a left integral, and furthermore we saw in Para- 
graph 12.31 that e is invariant under the antipode, so that wc can rewrite the 
preceding equation in the form 

= PD(2){uDU^\^-^) Sl,{ip){uDU~^\^^) epD(i) 

= PD{2){ud)PD{3){u'd\i)) ^^^('5d(V'))(m^J2)) (^PD{1) 

= {PDi2) ^:\S},m){u-o') e^^^PDH)) 

As discussed in Paragraph l6.21 we have S}^ o 91, = 91, o S}-,, and by using this 
and the properties of the integral again, we can rewrite this expression as 

= Pd(2){u-d) e'^z\pDii)^-\-^)) 

= em-\e-^^-\^)) = T, (9^;i(T,-i (9^,-1 W))) 

where the third equation uses Proposition 12.31 again. This proves o = 
T, o 9l~^ o o 9l~^, which is equivalent to the first assertion. The second 
assertion follows from the first by conjugating with the antipode S}) of D* , as 
we have already noted that S"^ commutes with 91, , and S*^ o T, = T, o 8}^ holds 
since S*jj is antimultiplicative and preserves e. □ 
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Instead of using endomorphisms of D*, we can use endomorphisms of D. The 
corresponding relation then has the following form: 

Corollary 

Proof. Using Proposition 16 . 1 1 and Proposition [621 this follows by conjugating 
the first formula in the preceding proposition by $ and the second formula in 
the preceding proposition by $. □ 

6.4 Corollary 16. 31 suggests that we might get a representation of the modular 
group by assigning T to the generator t and 91 to the generator r, the two 
alternative generators described in Paragraph 11.11 The first defining relation 
trt = rtr then follows from this corollary. However, we still need the second 
defining relation (rt)® = 1. This relation only holds for the restrictions of 1 
and 91 to the center of D. We now proceed not only to verify this relation, but 
also to check that the representation of the modular group that we construct in 
this way agrees with the one constructed earlier. To do this, we introduce the 
following analogue of t: 

6, : £>* ^ D, V ^ A-D(i)^(Ad(2)) 

These maps together satisfy the following relations:*® 

[l o t,)(V') = pd{^d) S}){ip) (t, o l){x) = /9_d(A_d) Snix) 

With the help of this map, we can deduce the following fact, which relates the 
two approaches to the representation of the modular group: 

Proposition 

Proof. The second equality is just the inversion of the second identity in 
Proposition 16. 31 it is therefore sufficient to show the first equality. We have the 
commutation relation Tot* = o 91* because, as discussed in Paragraph lS.ll 
u~jj^ is invariant under the antipode, and therefore we have*^ 

^ Ad(i)V'(mc^Ai)(2)) = Ad(i)9^,(V')(Ac(2)) = 

It follows from Lemma [^751 that t*(e~-'^) = Soiu'jj^) = uj^^, because e~^(A£)) = 
A(S'^^(r)) = 1 in our case. From the expression for <!> in terms of the Drinfel'd 
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element given in Paragraph [221 we therefore get 

= i~\Ana^) Cr;i(5n;i(^)))(Az5(2)) 

so that, by the definition of 6* in Paragraph 14. 1 1 and the properties of l and t» 
mentioned above, we have 

as asserted. □ 

It is easy to convert the preceding proposition from a statement about endo- 
morphism of D* into a statement about endomorphism of D: If we conjugate 
the identity by $ and use Proposition [1711 Proposition 16. 11 and Proposition [S21 
we get 

6 = T-^o o = $H-i o o 5n-i 

We have proved in Proposition 14. II that 6 preserves the center, and this is also 
true for 1 by the centrality of the Drinfel'd element. In Lemma [6.21 we have 
seen that 9\ preserves the center. We use the same symbols for the restrictions 
of these maps to the center. We then have 

Corollary There is a unique homomorphism from SL(2, Z) to GL{Z{D)) that 
maps r to £H and t to 1. 

Proof. The homomorphism is unique because r and t generate the modular 
group, as discussed in Paragraph ll.il For the existence question, recall the defin- 
ing relations trt = rtr and (rt)^ = 1. The first relation holds by CoroUarv 16.31 
We have [po® Pd){R' R) = 1, and therefore Corollarv l4. 21 vields that the restric- 
tion of & to the center coincides with the antipode. Together with the above 
considerations, this shows that 

(^n o 1)6 = (fR o 1 o o 1 o «n o 1)2 = 6-"* = S-^^ = id 

on the center, which is the second relation needed. □ 

Because s = t-^r-it-i, it is clear that this representation of the modular group 
agrees with the one constructed in Corollarv l4.3l 
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6.5 We have discussed the matrix representations of T and & in Paragraph l5.2l 
It is possible to give a similar discussion of the matrix representations of 
and 91*: 

Proposition ^ 

Ui 

2. m{z,) = ^(2,) = — = ^^{e)z, 

Ui 

Proof. For the first assertion, note that 

Ui 

which gives the first equation. The second equation holds since 

Ui 

The second assertion follows by applying <i> to the first assertion and using 
Proposition 15.21 and Proposition 16.21 note that we discussed in Paragraph 16. f I 
that $ and $ agree on the character ring. □ 

Using this proposition, we can expand the evaluation form explicitly in terms 
of the irreducible characters: 

Corollary 

Proof. Since XR is an integral, we can deduce from Proposition 12.31 that 

The second assertion therefore follows from the preceding proposition by apply- 
ing to the equation xr = "-iXi- The first assertion follows in a very 
similar way by applying as we have ^^^{xr) — dim(i?)e by Proposi- 
tion 12.31 and 9^^^(xi) — 6(e~^)Xi by the preceding proposition. □ 

It should be pointed out in this context that these two elements are interchanged 
by 6,: 

Lemma 
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Proof. It follows from the definition that (ed) = Ed- Therefore, we get by 
Proposition 16.41 that 

6,(e) = (T;1 o$K;1 o %:^){e) = %z\^:HeD)) = IZ^Ed) = er^ 

This proves the first assertion. The second assertion follows from the first by ap- 
plying 6,, because we have &1{x) = 5*1) (x) for X 6 Ch(_D) by Proposition l4.1l 
and Corollarv l4.2l and we have seen in the proof of Lemma l^^l that S'|)(e) = e. □ 
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7 Induced modules 



7.1 Suppose that if is a semisimple Hopf algebra over an algebraically closed 
field K of characteristic zero, and consider its Drinfel'd double D = D{H). For 
an il-module V, we can form the induced D-module: 

D ®hV = {H* ® H) ®hV ^ H* ®V 

where the last isomorphism maps ip®h ®h v to ip ^ h.v. This isomorphism is 
£)-linear if we consider H* y as a D-module via the module structure^" 

(v0/i).(<^'(8)u) := V'(i)(S'(/i(3)))(^(3)(/i(i)) (^<y!J(2) ®h^2)-v 

Wc will view the induced module from this latter viewpoint in the sequel and 
therefore write Ind(y) := H* ® V, considered as a ZP-module with this module 
structure. 

Suppose now that W is another i?-module. We introduce the following map: 

Definition Suppose that 6i, . . . , 6„ is a basis of H with dual basis 6^ , . . . , 6* . 
We define 

n 

l3v,w ■ Ind(F iSiW) ^ lnd{W ^V), ip ^ v iSi w i-^ y^^ipb* iSi w ^ bj.v 

i=l 

Let us record some first properties of this map: 

Lemma Pv,w is a £)-linear isomorphism. The inverse is given by 

n 

l^v^vi^ <Siw<S:v) = ^<fb* igi S{bi).v O w 
Furthermore, we have 

{Pw,v ° Pv,w){x) = u^.x 

for all X e Ind(y Ol^). 

Proof. To establish D-linearity, I3v,w has to commute with elements of the 
form tp®l and elements of the form e®h. As it clearly commutes with elements 
of the first form, we can concentrate on elements of the second form. We have 

[e (g) h).Pv,w{^ 1) (g) = 

n 

X]('^(l)^i(l))('^('^(4)))('^(3)^I(3))(^(l))m^I(2) ^ d) h^3.)hi.V = 

i=l 
n 

^<^(l)(S'(/l(6)))6*(i)(5(/l(5)))v>(3)(/l(l))6*(3)(/l(2))<^(2)6*(2) O /l(3).W O /l(4)?'i-V 
i=l 
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Using the dual basis formulas stated in the introduction, this becomes 

n 

n 

X! '/=(1)('5'(^(6)))'^'(3)(^(1)) f{2)b*^ ® /l(3).'U;(8)ft.(4)S'(/l(5))5i,ft.(2).W = 

J2 = l 

n 

^(/7(l)(S'(/l(4)))(p(3)(/l(l)) (^(2)5* (g)h(^3).W(g)bih(^2yV 

1=1 

But this is exactly (3v.w{{£ <E) h).{(p i^v i^w)), which establishes the D-linearity. 
To establish the form of the inverse, we note that 

n n 

Pv,w{^ fb* (g) S{bi).v (g) w) = ^ Lpb*b* (g) w (g) bjS{bi).v 

i—l ij = l 

n 

— ^ ifib\ ®w ® bi(^2)S{bii^i)).v = ip (g w (g V 

by the dual basis formulas, which establishes that the map stated is a right 
inverse of (3v,w- K can be shown similarly that it is also a left inverse. 

To establish the last property, we can assume that x = ipiS)vigw is decompos- 
able. As discussed in Paragraph 12.21 — X]r=i K ^ h is central, since H is 
involutory. We therefore have 

n n 

u'j^.x — ^ ipb* ® (g) bii^iyw — ^ "^Kb* ®bi.v ® bj.w 

i=l *,i=i 

by the dual basis formula. But this is exactly {(3w,v ° Pv,w){x)- □ 



From the point of view of category theory, /3 is a natural transformation between 
the functors {V, W) ^ lnd{V (g W) and {V, W) ^ lnd{W g) V). The natural 
transformation P also satisfies the following coherence properties: 

Proposition If U, V, and W are i/-modules, the following diagram commutes: 

Ind(C/ (g,V(g)W) l^u^v^w ^ j^^^^ ^U(g)V) 




Ind(y igW(gU) 
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In addition, the following diagrams also commute: 

Ind(y O K) ^^'^ . lnA{K V) \nd{K ® V) ^^'^ . Ind(F K) 



Ind(y) 



Ind(y) 



id 



Ind(y) 



Here, the vertical maps are induced from the canonical isomorphisms. 
Proof. \{ip&H*,u&U,v&V, and w &W,we have 

n 

{Pv,wtsu o (3u,v®w){'P ®u®v®w) = l3v,wtsuC^ ^i>* ®v®w® bi.u) 

i=l 

n 

= ^b*b* ® w ®bi.u® bj.v 

on the one hand and 

n 

Pu<S,V,w{^ ®U®V®W) = ^</f6* ®W® b^iyU 6i(2)-U 

i=l 

on the other hand. By the dual basis formula, both expressions agree, proving 

Pu^-v.w = flv.W(g}U ° (^u,V(g)W^ which establishes the commutativity of the first 
diagram. The commutativity of the two remaining diagrams follows directly 
from the definitions. □ 



7.2 For a finite-dimensional module V, it tiuiis out that the induced module 
of the dual is isomorphic to the dual of the induced module. More generally, 
suppose that V and V are two finite-dimensional if-modules endowed with a 
nondegenerate pairing {■,■): V x V ^ K that satisfies 

{h.v,v') = {v,S{h).v') 

for all V gV, v' gV, and h G H. U we then choose a nonzero integral A & H 
and define a pairing (•, ■)a : Ind(y) x Ind(y) ^ ii' as 

{ip(^v,ilj^v')A := {S*{ip)il)){A) {v,v') 

for ip,ip & H*, V gV, and v' G V, this pairing has the following properties: 

Lemma (•, ■)a is nondegenerate. For x ^ D, we have 

{x.{tp (g) u), V' v')a = {ip^v, Sd{x).{iP (g) v'))a 
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Proof. The nondegeneracy follows from the nondegeneracy of the pairing 
{(p,ip) 1-^ (S'*((/?)'0)(A).^^ To prove the second assertion, it suffices to show this 
in the cases x = (p' (E) 1 and a; = e (55 ft. In the first case, this amounts to the 
identity 

In the second case, this amounts to the identity 

¥'(l)(5(ft(3))) ¥'(3)(/l(l)) iS*{fi2)W{^) {h{2)-V,v'} 

= V(i)(^i))^(3)(^(^3))) (5*MV'(2))(A) {v,S{h^,^).v') 
which by the property of the original pairing will follow from 

</'(l)('S'(/l(3))) <P(3)(^(1)) <P(2)(5'(A(i)))V'(A(2)) /l(2) 
= V'(3)('5'(/l(3))) V'(5(A(i)))V'(2)(A(2)) ft(2) 

This can be written as 

(/j(5(/i(3))S'(A(i))ft(i)) V'(A(2)) ft(2) = <p(5(A(i))) V(ft(i)A(2)5'(/i(3))) /i(2) 

which is a consequence of the fact that 5(A(i)) (g) A(2) is a symmetric Casimir 
element. □ 

Suppose now that W and W' is another pair of finite-dimensional i/-modules 
endowed with another nondegenerate pairing {■,■): W x W' K that satisfies 

{h.w,w') = {w, S{h).w') 

for all w £ W, w' G W, and h E H. Wc can then form a pairing between the 
tensor products V and W' V that has the form 

{v (g) w' (g) w')^ :— {v, v'){w, w') 

This pairing is also nondegenerate and satisfies 

{h.{v (g) w),w' (g) w% = {v(g)w, S{h).{w' (g 

We can therefore invoke the preceding lemma to get a nondegenerate pair- 
ing (■, ■)a between Ind(y g) W) and Ind(iy g) V') that has the explicit form 

{(p(S)v (g)w,ip (g)w' (g) v')a = {S*{(p)tp)(A) {v, v') {w, w') 

Interchanging the roles of V and W, we also get a pairing between Ind(VF g) V) 
and Ind(y (g W), for which we use the same notation and which is explicitly 
given as 

{(p(E)w(E)v,ip(g)v' (g)w')A = {S*{(p)ip){A) {w,w') {v,v') 

These pairings are compatible with the morphisms introduced in Paragraph l7.ll 
in the following way: 
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Proposition 

{Pv,w{^ (g) w (8) w), w' ® w')a = {ip®vt^ w,Pv',w'{'>P "Siv' iSi w'))a 
Proof. On the one hand, we have 

n 

{f3v,wiv '^^(S) 'w),ip ®v' ® w')a = ''^{(fib* (X) w bi.v, -(/"X' (g) w')a 

i=l 

n 

= J2{S*{^b*)^){A){w,w'){b,.v,v') 

n 

= J2{S*{b:)S*{^)^){A){w,w'){v,S{b,).v') 

n 

= J2{b*S*{^WiA){w,w'){v,b,.v') 
On the other hand, we have 

n 

(ip®v I3v',w'{'4' ®v'® w'))a = ^("ys <8v(^w, ipb* ® w' bi.v')^ 

i=l 
n 

= Y^{S*{^m){K){vM-v'){w,w') 

i=l 

Both expressions are equal because A is cocommutative.^'^ □ 

It is of course possible to choose the dual V* for V' and the dual W* for W' . 
The above discussion then shows that Ind(F ® W)* = Ind(W^* ® V*) and also 
Ind(W^ ® V)* = Ind(F* ® W*). Using these identifications, it follows from the 
above proposition that we have 

f^v,w = Pv*,w 

for the transpose of I3v,w- 

7.3 As pointed out by D. Nikshych,^'* the natural transformation (3 introduced 
in Definition [TH] can be related to the categorical center construction. Recall^^ 
that the category of modules over the Drinfel'd double D = D{H) can be 
considered as the center of the category of iJ-modules. This implies in particular 
that for every D-module U and every iJ-module V we have the isomorphism 

n 

cv,u -.V ®U ^ U ®V, v®u^ '^iK ® l)-" ® ^i-"" 

1=1 
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which consists in the apphcation of the R-matrix followed by interchanging the 
tensorands. Its inverse is therefore given by 

n 

Cv]u --U ®U, uOwH^.^ S{hi).v (g) (6* l).u 

i=l 

To relate this map to the isomorphism Pv,w, where W is another //-module, 
note that 

Homc(Ind(F (^W),U)^ Homff(F W, U) 

by the Probenius reciprocity theorem. Therefore, there is a unique isomor- 
phism (3'yiv-u that makes the diagram 

HomD(Ind(VF (g) V), U) — > HomD(Ind(y ® W), U) 



Horn J/ (M^ (g) V, U) Homjy(y ® W, U) 

Pv,W;U 

commutative, where o/3yjy denotes the map coming from (3v,w by composition 
on the right. The isomorphism /?y^vF;i7 given explicitly as 

n 

for / G Homjir(T^ <S:V,U), as we have 

id ° (iv,w){£ <S>v(^w) = 6* ® u; ig bi.v) = ^{b* ig l)-g{£ <8)w^ bi.v) 

i=l i=l 

for g e HomD(Ind(VF (E)V),U). 

Besides the adjunction between induction and restriction that appears in the 
Probenius reciprocity theorem, there are two other pairs of adjoint functors that 
appear in this setting: The composition^'' 

RomxiW, U^V*)^ RomKiW ^V,U^V*^V)^ UouiKiW (g) V, U) 

where the first map takes / to / (g) idy and the second evaluates V* on V , 
defines a homomorphism from Homif(T4^, [/ ®V*) to Homif(T4^ ® y,U). The 
image g e Hom^(W ®V,U) oi f HomKiW, J7 (g V*) is given explicitly as 

g{w®v) = '^'tpj{v)uj 
j 
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if f{w) = Uj ® ijjj. This composition is bijcctivc if V is finitc-dimcnsional. 
Because the evaluation map V* V ^ K, tp v tp{v) is ff-hnear, both 
mappings that appear in the composition preserve the subspace of if-Unear 
maps, so that we can restrict this composition to a map from HomniW, U (x)V*) 
to Hom/f (VF ®V,U), which is an isomorphism in the finite-dimensional case. 

Similarly, the composition 

HomK(W, [/) ^ RomK{V ^W,V^V* ^U) ^ RouiKiV W, U) 

obtained by tensoring with idy on the left and then evaluating V* on V leads 
to a homomorphism that takes a linear map / € Hom/f (W^, V* ® U) to the map 
g G Hom/f (F ®W,U) that satisfies 

g{v (g) w) = ^ 'il)j{v)uj 
j 

if f{w) = J2j i^j ® Uj. This time, the second homomorphism in the composition 
uses the evaluation map 

V (S:V* ^ K,viSitp>-^ il){v) 

But as the antipode is an involution, this evaluation map is also iJ-linear, so 
that we again get a homomorphism from Hom//(VF, F* (8)C/) to HomH (V^® W, U) 
by restriction, which is an isomorphism if V is finite-dimensional. 

All these mappings come together in the following proposition: 
Proposition The diagram 

RomniW ® V, U) RomniV (g, W, U) 



Hom//(VF, U ® V*) — Hom//(W^, V* ® U) 

is commutative, where Cy\ jjO denotes composition with Cy\ u on the left. 

Proof. Suppose that / e HomHiW,!! ®V*). The two possible paths in the 
diagram give two elements oi'Rom.Hiy ®W, U), and we have to prove that they 
are equal. For this, it suffices to show that they agree for every decomposable 
tensor v (g w G V (S) W. To see this, write f{w) = J2j Uj tpj- Then we have 

n 

= {b* 1).U, 

j i=l 
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This means that the homomorphism that arises from composing the lower and 
the right arrow maps our decomposable tensor w eg) w to 

n n 

{b* ® l).u, = {b* ® 1).% 

j 1=1 j i=l 

where we have used that the antipode is an involution. 

On the other hand, if g G HomniW ^ V,U) is the image of / under the left 
arrow, then we have g{w (g)v)= J2j 4'jiv)uj, so that 

n n 
i=X j i—1 

which is exactly the result coming from the other path. □ 

If we insert the definition of Pyy^/.u in this diagram, we can extend the vertical 
arrows by the isomorphisms coming from the Frobenius reciprocity theorem to 
get the diagram 

o(3vw 

HomD(Ind(VF ® F), U) ' • HomD(Ind(y (g> W), U) 



HomH(H/, U (E) V*) Hom//(M/, V* U) 

which exhibits the relation between the natural transformation (3 and the cate- 
gorical center construction. 



7.4 The coherence properties of the natural transformation [3 stated in Propo- 
sition 17.11 can also be related to the coherence properties of the natural trans- 
formation c required in the categorical center construction.^^ If Vi and V2 are 
iJ-modules and C/ is a ZJ-module, then the natural transformation c makes the 
triangle 
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commutative. If W is another iJ-module, we therefore have that the diagram 

c"i . o 




also commutes, where we have used the circle notation from Paragraph 17.31 To 
translate this diagram into a diagram for the natural transformation /3, we need 
as an intermediate step on the left side the diagram 

{Cyl jj (g) idy.)o 

RomHiW, U(g)V2* (E) V{-) RomniW, Fj* J7 ® V{) 



Roirh{W V^i, [/ V^) — RomH{W ® 1^1,^2* U) 



Hom/^(iy (8)^1® V2, U) HomH(y2 ®W ®Vi, U) 

PV2,W®V-i_-U 

where the first diagram commutes because of the naturality of the adjunction 
and the second diagram commutes by Proposition l7.3l Similarly, we need on the 
right side the diagram 

(idy- ®Cyl jj)o 

HomH(Ty, ®U® V^) YIovclh{W, (g> V{ (g) U) 



Hom//(V^2 ®W,U® V{) HomH(V^2 ® W, V{ ® U) 



llomH{V2 ®W®Vi,U) RomHiVi ®V2'S>W, U) 

yVi,V2®W;U 
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Using this, the commuting tri- 
'HomH{Vi(g>V2(g>W,U) 




llomH{V2<»W(E,Vi,U) 

where the map at the top has been translated by Proposition [731 using the fact 
that (Vi ® V2)* = V2 <8 V{ in a way that is compatible with the translation. 

Using the adjunction between induction and restriction again, we can translate 
the last triangle further into the triangle 

Homr,(Ind(W^ ® ® V2), U) HomD(Ind(Vi V2 W), U) 




Homi3(Ind(F2 ®W® Vi), U) 



which in turn by the Yoneda lemma implies the first coherence property of [3 as 
given in Proposition 17. II Note that, although all the above diagrams commute 
in any case, this amounts to a new proof of first coherence property of (3 only in 
the case where Vi and V2 are finite-dimensional, because otherwise the commu- 
tativity of the second triangle above does not logically imply the commutativity 
of the third triangle. 



which commutes for exactly the same reasons, 
angle for c above translates into the diagram 



7.5 To analyse the relation between /3 and c further, we need some prepara- 
tion. So far in this section, we have basically used two pairs of adjoint functors: 
The adjunction between induction and restriction and the adjunction between 
tensoring with a module and tensoring with its dual. These two adjunctions can 
be related by the following map: 

Lemma For an iJ- module V and a D-module W, the map 

rv,w ■ Ind(y ® W) lnd{V) M^, x i^h {v w) (a;(i) i^h v) X(^2)-w 
is a Z3-linear isomorphism. 
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Proof. First, rv,w is well-defined, as we have 

rv,wixh (v ® w)) = i^h v) X(^2)h{2)-w 

= ix{i) <S)H h(i)v) (g) X{2)h{2)-w = rv,w{x ®h <Xi h^2)-w)) 

The reader should verify at this point that ry.w is I?-linear. The bijectivity will 
follow if we can show that the potential inverse 

Ty^^ : Ind(y) ®W lnd{V ®W), {x®hv)®w^ X(i) (g)H {v (E) S{x(^2))-w) 
is also well-defined. This holds because 

Ty^riixh (g)H v)(g)w) = a;(i)/l(i) (g)H [v 8) S{X(2)h(2))-W) 

= X(^i) (g)H ih(i).v (g) /i(2)5'(/i(3))5(x(2)).w) = a;(i) (g>H {h.v (g) S{x^2))-w) 
establishing the assertion. □ 

Note that, under the correspondence of both Ind(y (g) W) and Ind(y) g)W to 
H* (gV ®W introduced in Paragraph 1 7. 11 the map rv,w becomes 

rv.w ■■ H* g)V g)W ^ H* g)V ®W, ip®vg)w^ ip(2) ®v® ((^(i) ® l).w 

Our claim that ryyv relates the two adjunctions is justified by the following 
proposition: 

Proposition For an _ff-module V and D-modules W and [/, the diagram 

Homi3(Ind(y ® W), U) Hom/f(y ® W, U) 

orvM 

Ylom.D{lnd{V)®W,U) Homjj (F, [/ ® W^*) 




YLoniD[lv.A[V),U ®W*) 



commutes. 

Proof. Suppose that / G Homi3(Ind(V^), [/ ® W*), and consider the image 
g e HomH(V' ® W, U) of / under the left path. Since 

rv,w{^ ®H {v ® w)) = (1 ®H v) ®w 

we have g{v ®w) = J2j 4'j{'Wj)uj if /(I ®h v) — J2j % i^j- But this is exactly 
the map that arises as the image of / under the right path. □ 
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7.6 As a comparison shows, the coherence condition stated at the beginning 
of Paragraph 17.41 corresponds to only one of the two conditions that appear in 
the definition of a quasisymmetry.^^ From the point of view of the center con- 
struction, the second condition enters into the definition of the tensor product 
of two objects. We therefore expect that there is another relation between f3 
and c that can be deduced from this second condition by arguing as in Para- 
graph [7]4l Before we state this relation, we recall the relation between braiding 
and duality: 

Lemma For an iJ-module V and a D-module (7, the diagram 



V* ®U* 



{U®V)* 



CV',U' 



°cv,u 



{V(g>U)* 



commutes. 



Proof. Recall^"" that the top horizontal arrow maps (f ® ip G V* U* to the 
linear form u(i)v i— > ip{v)'ip{u), and the horizontal arrow at the bottom is defined 
similarly. We therefore have for (piiV*,ipGU*,vGV, and u G U that 

n 

Cv',u*{'P ® ip)(v (Ki u) = ^((^i* "Xi l)-tp ® bi.(p)(v (g) u) 
1=1 

n 

n 

= ^ i;{{h* ® l).u) ifih.v) ^{ip® ip){cv,u{v u)) 
1=1 

where we have used the notation from Paragraph 12.21 resp. Paragraph 17.41 for 
the R-matrix. □ 



With the help of this lemma, we now derive the following additional relation 
between /3 and c: 

Proposition Suppose that V and W are iJ-modules and that U is a D- 
module. We assume that V and U are finite-dimensional. Then the diagram 
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lnd{V ®WC^U) 
rv(g)W,u 



lnd{V (E)W)(E)U 



Pv,W(g>U 



liid{W (^U(giV) 

lnd{idw ^cv,u) 
lnd(W (g,V(^U) 




Pv,w <S) idu 



W(^V,U 



commutes. 



Proof. By the Yoneda lemma, it suffices to prove the commutativity of the di- 
agram after the apphcation of the contravariant functor Hom£)(— where X 
is another _D-module. After this apphcation, the diagram takes the form 

Homi3(Ind(F (S)W(S)U), X) Homr,(Ind(PF (S)U(E)V), X) 



orv0$w,u 
Homi3(Ind(F (g,W)(giU, X) 



o{l3v.w ® ida) 




o Ind(idn/ (^cv,u) 
HomD(Ind(M^ ® F ® f7), X) 



°'l'Wig)V,U 



Homi5(Ind(Vl^ (g>V)(g>U, X) 



Using the defining property of the maps f3' from Paragraph 17.31 together with 
Proposition [7?5l we see that the commutativity of this diagram foUows from the 
commutativity of the diagram 

ff 

RomHiV (E)W(E)U,X) -> YLomniW ®U ®V,X) 



HoTRHiV ®W,X®U*) 



oiidw ®cv,u) 
Y^omniW ®V ®U,X) 




B.om.H{W ®V,X ®U*) 
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By taking V and U to the right side in this diagram, we get from Proposition l7.3l 
that our assertion is equivalent to the commutativity of 



id 



{cyl X <»idu*)o 



}loinHiW,X (giV* (g>U*) 

{idx (E)Cv,u*)o 
}iomH{W,X (giU* (gV*) 




TiomHiW,X (giU* (g)V*) 



where we have used in addition the preceding lemma for the right vertical arrow. 
But this is now by the Yoneda lemma equivalent to the equation 

cv,X(giU- = (idx ®cy. M') ° (cv.x id[/* ) 
that is used to define the tensor product in the center construction.^"^ □ 



It is of course also possible to prove this proposition by direct computation: For 
(fi G H*, V G V, w G W, and u G U, we have on the one hand 

('^wi8V,u ° (Pv,w "Xi idu) o rv(S)W,u){v (E) v (g) w (g) u) 

= i'^W«,V,U ° ((^V,W ® id(7))(^(2) ® W «) W ® i(p{i) ® l).u) 
n 

i=l 
n 

= ^(3)^»"(2) b^-'" ® ('5'"^*(<^(2)^*(1)) » ® 

i=l 

n 

^Y'^^h) "^"^ ® (>5'"^*(6*(i)) l).u 

i=l 

and on the other hand 

(Ind(idvy ®Cyjy) o {l3v,wi>!>u)){^ ® w ® w ® u) 

n 

= ^ Ind(idvy (E)Cy^u){ipb* (X) w ® u <X) h.v) 

i=l 
n 

= ^ ipb* (g) w (g) S{bj)bi.v ® (6* (g) 1).^ 
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The assertion therefore would follow from the equation 

n 71 

J2 b*i2) ^b,^ = J2 ^* ® ^(b,)h ® b* 

But as we have 

n n 

n 

= S-\h')h = b*{h) S{bj)bi b*{h') 

this equation holds. 

Besides being substantially simpler, the proof by direct computation also shows 
that the requirement that V and U be finite-dimensional is unnecessary. We have 
nonetheless chosen to give the proof above because it exhibits the relation to the 
second condition in the definition of a quasisymmetry. Note that these conditions 
also correspond to the equations for (A (g) id)(7?) and (id(8)A)(i?) that appear 
in the definition of a quasitriangular Hopf algebra stated in Paragraph [2TlJ 
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8 Equivariant Frobenius-Schur indicators 



8.1 We continue to work in the setting of Section [71 which was described in 
Paragraph 17. II So, iJ is a semisimple Hopf algebra over an algebraically closed 
field K of characteristic zero, and D = D{H) is its Drinfel'd double. For a finite- 
dimensional i?-module V and a positive integer m, we can of course form the 
m-th tensor power y®™ of V , and the Drinfel'd double D acts on its induced 
module Ind(y®™). We denote the corresponding representation by 

p,„ : D ^ End(Ind(F«S'")) 

A further endomorphism of Ind(y®™) is (3 :— /3yy»(™-i). Using these ingredi- 
ents, we can now define the following quantities: 

Definition For integers m,l ^"L with m> 1 and a central element z e Z{D), 
we define the (m, Z)-th equivariant Frobenius-Schur indicator of V and z as 

Iv{{m, l),z) := tr(/3' o pm{z)) 

We extend this definition to all integers m as follows: If m = 1, we define the 
indicator by setting Jy((m, Z),z) := tr{pi{u^'') o pi{z)). If m = 0, we write 
z = J2j Vj ® 1 ^'^d define for I > 

Ivmi),z) :=dim(i/)^e(/i,)^,(A(i) 
j 

where A G H is the integral that satisfies £(A) = 1. For Z = 0, we define 
/v((0,0), z) := dim(iJ) J2j whereas we define 

/y((0,/),z) :=/y((0,-0,^DW) 
for Z < 0. In the last case where m < 0, we similarly define 

Iv{{ni,l),z) = Ivi{-m,-l),SDiz)) 

In the main case where m > 1, it should be noted that we have = y»(m-o 
for I = 1,2,. ..,771 — 1. This follows inductively from the coherence property 
given in Proposition 17.11 because, if we set U = V^^ and W — 
there, we obtain the equation (3y^(i+i) y^(m-i-i) = o /Sv^'.v^c™-') ■ If 

we interpret the 0-th tensor power as the trivial module K = 1/®°, then this 
formula also extends to the cases / = and / = to, because /3° = id corresponds 
to y»m by Proposition 17. 1[ and 

= /3(/3'"-i(x)) = /3^,^y«(„-i,(/3v'«(™-i),y(:E)) = ^i^'-a; 

by Lemma 17. 1[ which corresponds by Proposition 17.11 to From this 

viewpoint, the case to = 1 can also be subsumed under the case to > 1, because 
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then (3 coincides with the action of u~j^ . It should also be noted that the formula 
/v((— TO, — /), z) = /^((to, I), Sd{z)) holds for all integers to and I by definition; 
if m = I — 0, one needs Lemma [6. II in addition to see this. 

An easy consequence of this definition is the following formula for the indicators 
of a tensor power: 

Lemma /y®, ((m, I), z) — Iviiqrn, ql), z) 

Proof. It is understood here that q > is a natural number. We consider 
the case to > 1 first. As just explained, the q-th power of /? := Pyyisiqm-i) is 
P'^ = /3y®9^y»(gm-<!) , so that 

Ive>ii{m,l),z) = tr(/3''' op^„j(z)) = Iv{{qm,ql), z) 

The formula also holds in the case m = 1 by the explanations above, and in the 
cases m — and m < it follows directly from the definitions. □ 

Part of the name given above to the quantities Ivi{m,l), z) is explained by 
the following proposition, which relates them to the higher Frobenius-Schur 
indicators 

Proposition Suppose that A e iJ and A G H* are integrals that are normal- 
ized so that £(A) = A(l) = 1, and set Ad := A ® A. If xv denotes the character 
of the iJ-module V, then we have for its m-th Frobenius-Schur indicator Vm{xv) 
that 

vniixv) = Iv{{m, I), Ad) 

for all integers m > 0. 

Proof. We treat the case to = 1 separately. We have seen in Paragraph 12.31 
that Ajj is an integral of D; however, the normalization here is different from 
the one in Paragraph l6.1l By definition, we therefore have 

/v((l,l),Ai3) =tr(pi(M^i)opi(Ai5)) =tr(pi(Az5)) 

Now we have pi(A£))((y5 u) — (p{l)X(Si A.v, so that tr(pi(A£))) — xv{A), which 
is the assertion. 

In the case m > 1, note that the map 

(F®™)^ ^ Ind(F®'")^, w^X®w 

is an isomorphism between the spaces of invariants, "'^^^ because Pm{AD) is a 
projection to Ind(F®"')^ and we have 

Pm(A_D)((p ®Vi® Vm) = A (g) A.(ip{l)vi (g) . . . (g) Vm) 
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Because (3 is D-linear, it commutes with ^^(Ad), and therefore preserves the 
space Ind(y*™)^ of invariants. Similarly, the map 



preserves^""* the space {y®™'^H ^ ^^^^ the diagram 



W 1-^ A g) W 

Ind(V®'")^ 
is commutative, since we have 



W i—t \ ® w 



m\D 



/3(A <®vi®v2' 



A ® W2 



' = ^ ^^i* W2 ® • ■ • g) Wm (g ^i-'fl 



' "f^m ® = A ® 0(111 (g) 112 



Since the restriction of f3 to Ind(y®™)'^ is therefore conjugate to the restriction 
of a to (v'^"'^)^ , the traces of these two maps have to coincide, which yields 

/y((m, I), Ad) = tr(/3op„(A_D)) = tr(/3 |ind(v«'")J^) = tr(a |(y»m)H) = i^m(xy) 
by the first formula for the Frobenius-Schur indicators. □ 

It should be noted that the normalization for the integral of the Drinfel'd double 
in the preceding proposition is different from the one used in Paragraph l6.11 we 
have chosen the normalization in the proposition to avoid the appearance of 
another proportionality factor. Furthermore, it should be noted that, as a con- 
sequence of the preceding argument, the restriction of a power to lnd{V^"^)^ 
is also conjugate to the restriction of the corresponding power a' to 
so that we get 

/y((TO, Z), Ad) = tr(a' |(y®™)H) 

for aU I e Z. This means^^^ that /y((m,0, A^) xy(A[™^'l) if I is relatively 
prime to m. 



8.2 It is possible to express the equivariant Frobenius-Schur indicators in 
terms of the pairing between induced modules that we introduced in Para- 
graph [721 So, let y be a finite-dimensional i7- module with dual V*. Applying 
repeatedly the construction described in Paragraph l7.21 we get from the natural 
pairing {■,■): V x V* ^ K a. pairing between V'^™ and ]/*®™ that is given by 



{Vi ® V2 



' g) • ■ ■ g) ^^2 g) V'l) = {Vl,i^l){v2,4'2) ■ ■ ■ {Vmjipm) 
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and this pairing leads, after we choose a nonzero integral A, to a pairing (•, •)a 
between Ind(F®™) and Ind(F*®™). We choose an integral satisfying e(A) — 1. 
Then, if vi, . . . ,Vd E V is a. basis of V with dual basis wj", . . . , G V* , we get 
the following formula for the equivariant Frobenius-Schur indicators: 

Proposition For all integers m, ^ G Z with m > 1 and all central elements 
z G Z{D), we have 

d 

/y((m,Z),z)=dim(iJ) J2 ((/3'°Pm(2))(£® 

-ii ,. . . ,1^ — 1 

Proof. If z = iy9j (8) /ij , we have because z is central that 

Pm{z){ip ®Vi®V2®---® Vm) = ^ ® ® • ■ • ® hj(^myVm 



and /3(<p(8)Wi(g)W2iX)- • -^Wm) = </5&* ® ^'2 05 • ■ •iX)Wm'X)&i-Wi- This implies that, 

under the isomorphism End(if* ® V®"") ^ End(i7*) ® End(y®'"), o p^{z) 
decomposes into a sum of tensor products of right multiplications and endomor- 
phisms of . But the trace of the right multiplication by Lp on H* is given 
by dim(i/)c/j(A), and the trace of an endomorphism of y®™ can be found by 
dual bases. Since S{K) ~ A, this gives the assertion. □ 

As a consequence, we can give a formula for the equivariant indicators of the 
dual module: 

Corollary For all m, ^ G Z and all z G Z{D), we have 
Iviim,l),z) = /v((to, Z),S'd(z)) 

Proof. In the case where m > 1, we can argue as in the proof of the preceding 
proposition to obtain the formula 

Iv'i{m,l),SD{z)) = n '^{e^v,, ®. . .® v^^, (3^{SDiz).ie ® v*^ • .0 w* )))a 

But by Proposition [7]2] and the discussion after Lemma [7?2l the right-hand side 
of this formula is equal to the right-hand side of the formula in the preceding 
proposition, establishing the case where m > 1. In the case m = 1 the assertion 
follows directly from the definition, since ud is invariant under the antipode, 
and the case m < reduces to the cases already treated. 

Now suppose that m — 0. For / > 0, we have 

Iv ((0, 0, = dim{H) £ihj)^jihi) )Xy.»i(A(2)) 
j 

-dim(i/)^e(;i,)(^j(A(i))xv»<(^(A(2))) 
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Because A is cocommutative and invariant under the antipode,'^'^'' we can rewrite 
this as 

Iv. ((0, 0, = dim(ff ) ^ £(/i,)^, (5(A(i)))xy«< (A(2)) 
i 

But it follows from Lemma [6TT] that Sd{z) — Ylj S*{'Pj) ® S{hj), so that the 
last expression is /v((0, 1),Sd{z)). The case / = can be established by a very 
similar reasoning, and the case I < reduces as above to the cases already 
treated. □ 

It should be noted that, by comparison with Lemma 18.11 and in view of our 
definitions, this corollary shows that the dual space behaves with respect to the 
indicators like a —1-st tensor power of V. 

8.3 The other part of the name of the quantities /v((to, I), z) is explained by 
the following equivariance theorem: 

Theorem For all g G SL(2, Z), we have Iv{{m, l)g, z) = Iv{{m, I), g.z). 

Proof. (1) It suffices to check this on the generators given in Paragraph [Lll 
and begin with the generator t. As this generator acts via 1, the assertion then 
is that /y((TO,r7i + l),z) = Iv {{m^l) ^u~j^ z) . For m > 1, this follows from the 
fact that Z?™ = pm{u'i^) as endomorphisms of H* ® ^z®™^ a fact that was 
already discussed after Definition 18.11 The case to = 1 follows directly from the 
definition, and for m < we have 

/y((m, TO + l),z) = Iv{{-m, -TO - Z), 5n(z)) = Ivd-m, -/), u'^^Sd{z)) 
= Iv{{-m, -/), Sd{u]^^z)) = Iv{{m, I), Uj^z) 

In the case to = and / > 0, write z = Lpj ® hj. Because is central, we 
then have u'jj^z = 12j Vj^* ^i^j and therefore 

n 

/y((0, 0, M^'^) = dim(ff) ^ £iW{^jb*){A^i^)xv<s' (A(2)) 

i=l j 

= dim(iJ) J2 s{h,)^j{hi))Xv^^ (A(2)) = /y ((0, 0, z) 

3 

The case to = and I ~ can be established by a very similar reasoning, and 
the case m — Q and I < reduces as above to the cases already treated. 

(2) As the generator r^^ acts via *H~^, the assertion in this case says that 
Iv{{m + 1,1), z) = Iv{{m,l),d\^^{z)). It follows from Proposition 16.21 and the 
fact, explained in Paragraph 15. li that <& and $ agree on the character ring, 
that we have y{~^{z) = ^^^{z) = e^^{z(^2))z{i) for every central element z. 
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The assertion therefore can also be written in the form /y((m + l,l),y{{z)) = 
Iviim, I), z), which we now estabhsh in the case to > and / > 0. For this, we 
write / = pm + q, where < g < to. If z = ipj hj , we have 

(p;+,„(^(z)) o I3^){(p (g) (g) . . . ® Vi+,n) = 

11 

H^OW (^-(2) ) ■ ■ ■ K Vj(2) ® 

ii,...,i; = l 3 

hj(iy{vi + i ® Vl+rn (E) .Vi (g) . . . (g) bi^.Vl) 

By the dual basis formulas stated in the introduction, this means that we have 

n 

{pi+,n{yi{z)) o p'-){(p (g) X <g w) = 'Y'Y'Pj{l){hj{2)) fb*fj{2) hj(^i).{w igbi.x) 

i=l j 

for all X € and w € y®™. This is a sum of tensor products of right 

multiplications on H* and endomorphisms of \/®('+™). If A S is an integral 
satisfying e(A) = 1, the right multiplication by (p E H* has the trace n(^(A), so 
that the equivariant Frobcnius-Schur indicator /y ((to + Z, Z), 9^(z)), which is the 
trace of this map, is n-times the trace of the endomorphism / of given 

by 

n 

f{x®w) = ^^(/7j(i)(/lj(2))(6*(/3j(2))(A) hji^iy{w®hi.x) 
i=l j 

for X G and w G y®™, which can be rewritten in the form 

f{x(g)w) = ^v7j(i)(/ij(3))(pj(2)(A(2)) (/ij(i).'u;(g)/ij(2)A(i).a;) 
j 

= H'^j(i)(^j(3))'^j(2)('5'(/ij(2))A(2)) (/ij(i).w(g A(i).a;) 

j 

= Xl'^j(^(2)) {hj-w(g)A(^i).x) 

j 

(3) As we have discussed in Paragraph 18. 11 we have on the right-hand side of 
the assertion that 

p„(z) o /?' = p„,(z) o /3P" o /39 = p,n{zu-P) O /3« 

so that 

(p„(2) O /3')((^ (g) Ig ...IgVm) = 

11 n 

n,...,i<,=i ji,... jp=i j 

^O^jp ■ ■ ■ ^il -(^q+l g) ■ . - ^Vm^bi^.Vig) . . .®bi^ .Vq) 
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Using the dual basis formulas as before, we can write this as 

n n 

12 12 • • ■ ^*P^^" ® '^^"^jp • • • -(^ ® ^^-y^ 

for y e V^" and t e This is again a sum of tensor products of right 

multiplications on H* and cndomorphisms of V'^"^, so that wc sec as before 
that the equivariant Frobenius-Schur indicator /y((m, l),z), which is the trace 
of this map, is n-times the trace of the endomorphism g of V^"^ given by 

n n 

for y e y®« and t e y which can be rewritten in the form 

giv^t) = ^ipj{A(^p+2)) /ijA(p+i)---A(2).(t(8>A(i).2/) 
j 

(4) The assertion therefore now is that try»(r„+i)(/) = tTv»m{g). This will hold 
if we can show that g is the partial trace of / over the last / tensor factors. Let 
us explain in greater detail what this means. Choose a basis vi, . . . ,Vci otV with 
dual basis wjf, . . . , t;^ ofV*. The assertion then is that 

d 

g{w) = E (idy»m (g)?;* ... v*Jf{w . . . Wj, ) 

ii,...,'ii = l 

for all w G 1/®™. Xo establish this, it is better to use a basis Wi, . . . ,Wdm 
ofW:= with dual basis w*, . . . , w'^^ of M^* as well as a basis yi, . . . , ydq 
of y := with dual basis y*, . . . , y"^^ of F*, and also to decompose w in the 
form w = y'Sit for y G F®« and t G The assertion then becomes 

dm dq 

g{y®t)= E E*^^'^^®"®^i'^'*"ii®---'^'^ip^-^(2/®*'^2/»'^'*"-?i®---'^'*"-?i') 
To see this, we start at the right-hand side: 

dm dq 

Ji>--->Jp = l «=1 
dm dq 

E E E "^J' ) (idv®- <8> <i (8> . • • w*J 

ji>---,ip=i «=i 3 

{hj .Wj,, A(i) .y A(2) .i A(3) .yi A(4) .Wji . . . A(p_,_2) •'"'ip-i ) 
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In this expression, we can carry out the summation over i, in which case it 
becomes 

dm 

{hj.Wj^ ® A(2).i A(3)A(i).y ® A(4)-Wji ® J^(p+2)-Wj^_^) 
Next, we carry out the summation over jp to get 

dm 

Y '^i(^(p+3))(idy»- ®w*^ O . . . O J 

jl,---,jp-l=l 3 

Continuing to carry out the summations up to j2, this becomes 

dm 

Y IZ'^j(^(P+3))(^'^^®'" '^^j*i)('^j(^(p+2) • • • A(4))-«'ji ® ^{2)-t O A(3)A(i).y) 

ii=i i 

We can even carry out the summation over ji to get 

Y "Ci (A(P+2) ■ • ■ hi) ) ■ (A(2) -t ® A(3) A(i) .y) 

3 

It should be pointed out that this argument needs to be shghtly modified in 
the case = 0, where the summation over ji,...,jp is empty. In fact, this 
impUes that the computation simplifies substantially in this case. Furthermore, 
the reader is urged to check that this argument also covers the case m = 1. 

(5) Next, we establish the formula /y((m + 1,1), z) = Iv{{'m,l),d\^^{z)) in the 
case m > and / = 0, in which it asserts that tr{pm{z)) = tY{pm{^~^{z))). 
For this, we show that z and y{~^{z) have the same trace on every induced 
module, which corresponds in fact to the case m = 1. Now suppose that z = 
J2j fj ^ ^'^d that xv is the character of V. We can write pi{z) as 

before as a tensor product of right multiplications on H* and an endomorphism 
of V and get that tr(pi(^;)) = nj^j Vj{hXv{hj)- Since 

y{-^{z) = e-^{z^i))z^2) = ^<^j(2)(5'(/ij(i))) ^j{i)^hj^2) 

j 

this implies also that 

tr(pi(9t-i(z))) = n^¥'j(2){5(/ij(i)))<Pj(i)(A)xy(/ij(2)) 
j 

= nYvj{^S{hj^i)))Xv{hj(2)) = nYfjWxvihj) = tr(pi(^)) 

3 3 

as asserted. 
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(6) To establish the assertion /y((m + I, l),z) = Iv{{m, I), 91 ^{z)) in the case 
m = and Z > 0, we argue similarly: We have 

Iv{iO,l),D\-^iz)) = n^¥3j(2)(S'(/ij(i)))e(/ij(2))¥'j(i)(A(i))xy®KA(2)) 
j 

= n^(Pj(A(i)5'(/ij))xy®i(A(2)) 
j 

on the one hand and 

n 

Iv{{l,l),z) = tr{pi{u^^zj) ^ n^^{ipjb*){A)xv'si{bthj) 

i=l j 

3 

on the other hand. Both expressions are equal by the basic Casimir properties of 
the integral.^"® A very similar reasoning establishes the formula in the case m = 
and / = 0, and for ni — and / < we have 

Iv{{1,1),z)^Iv{{-1,-1),Sd{z)) 

= Iv{{0,^l),'R-HSD{zm - Iv{{0,l),^R-'{z)) 

because and So commute. 

(7) We have now established that IvUm + 1,1), z) — Iv{{m,l),9l~^{z)) when- 
ever m > and I > 0. Instead of establishing the remaining cases, we use this 
fact to prove that Iviih m)i S(-z)) = Iv{{m, —I), z) if m > and I > 0. For this, 
we write I = am + b, where a > and < 6 < m, and argue by induction on a. 
The induction beginning is the case a = 0, in which we have I — b < m. We 
have seen in Paragraph 11.11 that s = t^^r^^t^^, so that by the first step we get 

Iv{{l,m),e{z)) ^ Iv{{l,m),{1-^ om-^ o1-^){z)) 
= Iv{{l,m~l),{m-^oT-^){z)) 

Because m — / > 0, we can apply the identity established above to rewrite this 
further as 

/y((/,TO), 6{z)) = Iv{{m,m- 0, W) = Iv{{m, -I), z) 
where we have applied the first step again. 

For the induction step, note that it follows from the discussion in Paragraph ll.il 
that rs = 5t. By the induction assumption, we have 

/y (((a — l)m + 6, m), &{z)) — IvUni, —(a — l)m — b), z) 

which means that Iv{{am + b,m), £H(S(z))) = Iv{(m, —am — b),1{z)). By the 
preceding commutation relation, this asserts that 

Iv{{l,m),emz))) ^ Iv{{m,-l),1{z)) 

so that the assertion now follows by substituting T^^(z) for z. 
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(8) Inspection of the preceding argument shows that it also proves the formula 
Iv{{l, fn), &{z)) = Iviijn, —I), z) in the case m — I — Q.lo estabhsh it if to < 
and Z > 0, note that it asserts in this case that 

/y((Z,TO),6(z)) -/y((~TO,0,^DW) 

Since Sd{z) = &'^{z)^ this is equivalent to Iv{{1,iti),z) — Iv{{—m,l),&{z)), a 
fact that we have just established. 

The proof that Iv{{li ™)i &{^)) — -^y ((w, —I), z) if to > and / < is similar: 
The assertion then is that 

Iv{{-1, -m),SD{&{z))) - Iv{{m, -l),z) 

If we substitute &{z) for z, this becomes Iv{{—1, —m),z) = Iv{{m, —l),&{z)), 
which we have obtained already. 

Finally, if to < and I < 0, the assertion is that 

Ivii-l, -m),SDie{z))) = Ivii-m, 1),Sd{z)) 
which upon substituting Sd{z) for z also reduces to the established case. □ 

8.4 In our situation, the Drinfel'd element ud has finite order. -"^^^ This order is 
called the exponent of H\ we denote it by N . It is known that N divides dim(if)'^; 
however, the original conjecture of Y. Kashina, namely that N divides dim(i?), 
is still open.^^° 

We now consider the cyclotomic field Qat C K that arises by adjoining to 
the prime field Q C /iT all iV-th roots of unity that are contained in K . We 
denote by Zqj^(D) the span of the centrally primitive idempotents ei, . . . , Cfe 
introduced in Paragraph 15.11 over the subfield Q^r of K. This space has the 
following property: 

Lemma Zq„ {D) is invariant under the action of the modular group. 

Proof. It suffices to show that it is invariant under T and 6. The fact that ud 
has order N means for the expansion ud — X]i=i ""iCi considered in Para- 
graph 15.21 that the coefficients Ui are 7V-th roots of unity. Since T is the multi- 
plication by u^ , we see that Zq^{D) is invariant under T. 

To sec that Zqj^{D) is invariant under S, recall^^^ that the entries Sy of the 
Verlinde matrix are contained in Qn- Therefore, the assertion follows from the 
formula &{ej) = jin^ffi ^^j'i^i established, taking Paragraph 16.11 into 

account, in Corollarv l5.2l □ 

This lemma has the following consequence for the indicators: 
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Proposition For z G Zq,^{D), we have /^/((m, I), z) G Qn. 

Proof. In the case {m,l) = (0,0), it follows easily from the definition that 
IviimJ), z) is the trace of the action of z on the induced module Ind(K) of 
the trivial module, which is in Q^r if 2 G Zqj^{D). If (m, /) 7^ (0,0), we set 
t := gcd(m, I) > 0. By Corollarv ll.2[ we can find 5 G F such that (m, I) — {t, 0)g. 
By Theorem 18.31 we then have 

Iv{{m,l),z) = lv{(t,0),g.z) = tiipt{g.z)) 

which is in Q^r since g.z G Zq^{D) by the preceding lemma. □ 

We now consider the principal congruence subgroup F(7V) corresponding to the 
exponent N . The following orbit theorem asserts that the indicator depends 
only on the F(iV)-orbit of the lattice point: 

Theorem Suppose that two lattice points (to, I) and (m', V) are in the same 
F(iV)-orbit. Then we have Iv{{m, I), z) = IvUm' , I'), z) for every i/-module V 
and every z G Z{D). 

Proof. (1) We fix an ff- module V, and introduce an equivalence relation w 
on the lattice 7? by defining (to, I) w (to', /') if and only if 

Iv{{m,l),z) = Iviim'j'),z) 

for all z G Z{D). Then « is a congruence relation, since, for g E T, {m,l) « 
(rn',l') implies in particular that Iv{{Tn,l), g.z) — Iv{{ni' ,1'), g.z), which yields 
/v((to, l)g, z) = Iv{{jn' , l')g, z) by Theorem l8.3i so that (to, l)g ~ (to', l')g. Note 
that there is a slight adaption necessary: In Section [H we have considered the 
left action of the modular group on the lattice points, considered as columns, 
whereas we consider here the transposed right action, where the lattice points 
are considered as rows. 

(2) We now want to check that « satisfies the two defining properties of the 
congruence relation ~ listed in Paragraph 11.31 Although the transpose of 

is r^^, we can also work with in the transposed situation, since and 
are conjugate and the inverse sign does not matter. For the first property, we 
therefore have to check that (to, Z) « {m,l)t^. But this is immediate, since we 
have T^(z) = u]j^ z = z and therefore 

Iv{{m,l)t^,z)^Iv{{m,l),l''{z))^Iv{{m,l),z) 

by Theorem [831 

(3) For the second property, we are given g G Z that satisfies q = 1 (mod N) 
and t :~ gcd(m,l) = gcd{m, ql), and have to establish that {m,l) ~ {m,ql), in 
other words, that 

Iviim, I), z) = /v((to, ql),z) 
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for all z e Z{D). We treat the case to > first, where we also have i > 0. It 
is sufficient to establish this in the case where z = is a centrally primitive 
idempotent. 

If we write to = tm', I = tl', we have that q is relatively prime to m'. Consider 
the cyclotomic field Qntti' C K. Because q is relatively prime to Nm', there is 
a unique automorphism aq G Gal(QArm' / Q) with the property that 

for every Nm' -th root of imity C^. Because q = I (mod iV), we have (7q{C) = C 
if ( is an A^-th root of unity, and therefore even aq S Gal{QNm' /Qn)- By the 
preceding proposition, this means that aq{Iv{{m, I), z)) = 7y((m, I), z). On the 
other hand, we have by definition that IvUm,!,), z) = tr(/3' o p,„(z)), where 
P = y^c™-!)) properly understood in the case to = 1. Now we have 

so that (/?')'" ■'^ = idind(i/®"i)- Since z = e^, pm{z) is the projection to the 
isotypical component of Vi in Ind(F®'"), so that /?' o p„i{z) coincides with /3' 
on this isotypical component and vanishes on the other isotypical components. 
In particular, the eigenvalues of /?' o pm{z) are Nm' -th roots of unity, and the 
eigenvalues of its q-th power Z?'"? o p„i{z) are the g-th powers of its eigenvalues, 
so that for the trace we get the formula 

Iv{{m,lq),z) = tr(/3'« o = a,(tr(/3' o p„(^))) = aq{Iv{{m,l), z)) 

Combining this with our earlier observation, this establishes the assertion in the 

case TO > 0. 

(4) The case to < reduces immediately to the case just treated, since 
Iv{{m, I), z) = Iv{{-m, -I), Sd{z)) = Iv{{-m, -ql), Sd{z)) = Iv{{m, ql), z) 

Now suppose that to = 0. If also I = 0, the assertion is obvious, so that 

we can assume that / 7^ 0. In this case, the conditions that q = 1 (mod A^) 
and gcd(TO, /) = gcd(TO, ql) imply that ql = ±/, so that q = ±1. The case q = I 
is obvious, so that we now assume that g = — 1, which can only happen if A'' = 1 
or iV = 2. A Hopf algebra of exponent 1 is one-dimensional, and for a Hopf 
algebra of exponent 2 we have h = /j(i)/i(2)'S'(/i(3)) = S{h), so that the antipode 
of H is the identity. Then the antipode of H* is also the identity, so that H 
is commutative and cocommutative, which implies that D is commutative and 
cocommutative,^^^ so that its antipode is again the identity. We therefore have 

/y((0,-0,^) = /y((0,0,5D(^)) =/y((0,Z),^) 

in the case Af = 1 as well as in the case N = 2, and the second defining property 
is completely established. 
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(5) In Paragraph 11.31 we have defined the relation ~ as the intersection of 
all congruence relations that satisfy the two defining properties just verified. 
Therefore {m,l) ~ (m',/') implies that {m,l) « {m',l'). But by Theorem 11.31 
(to,/) ~ {m',l') means that (to, /) and {in',l') are in the same r(iV)-orbit, so 
that this is exactly the assertion. □ 

We put down one easy special case of this theorem that will be needed later: 

Corollary For an iJ-module V, let x be the character of Ind(F). Then we 
have xig-^) = x{z) for aU g e T{N) and aU z e Z{D). 

Proof. We have xi^) = tr(pi(z)) — /y((l,0),z), so that by Theorem 18.31 the 
assertion is equivalent to /v'((l, 0)g, z) = /y ((1, 0), z). But since (1, 0) and (1, Q)g 
are obviously in the same r(A^)-orbit, this follows directly from the preceding 
theorem. □ 
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9 The congruence subgroup theorem 



9.1 We now will apply the results of Section [5] to prove that the kernel of the 
projective representation of the modular group on the center of a semisimple 
factorizable Hopf algebra is a congruence subgroup. Note that the kernel of a 
group homomorphism consists of those elements that are mapped to the unit 
element, which in the projective linear group consists of all nonzero scalar mul- 
tiples of the identity. If therefore a projective representation is induced from an 
ordinary linear representation, the kernel of the projective representation is in 
general larger than the kernel of the linear representation. 

So, let A be a semisimple factorizable Hopf algebra over our algebraically closed 
base field K of characteristic zero. The exponent of A will be denoted by N . 
Otherwise, we will use the notation introduced in Section [5l in particular, we 
will use the inverse Drinfel'd element as our ribbon element. However, the 
whole discussion in Section [S] depended on a parameter n that was introduced in 
Paragraph l5.21 we will now dispose of this parameter in the following intricate 
way: If X-r(") = Xi?(^~^): which discussed in Paragraph 14. 3[ our 

representation is linear, we set k = 3^^^^, so that our integral p £ A* satisfies 
p{u) — p(u~^) — 1. By Lemma this integral also satisfies [p ® p){R' R) = 1. 
Note that in the case where A — D{H) is the Drinfel'd double of a semisimple 
Hopf algebra H , we therefore pick here the integral pD from Paragraph l6.1l 

If Xfl(w) 7^ X-r("^^)> i'^i which case our representation is not linear, we choose k, 
so that = This obviously only determines k up to a sign, but in view 

of the formula X-r('")X-r(''^~^) = dim(A) observed in Paragraph 15.31 implies 
that (p ® p){R'R) — p{u)p{u^^) = 1. In particular, the choice of p in both 
cases is compatible, the only difference is that in the first, linear case even the 
sign of K is determined. In any case, this choice of k is the one that makes ^' 
equivariant, as explained in Paragraph l4.5|, as it is compatible with the condition 
that pD = ® p). 

Next, we discuss the dual of our projective representation. We denote the mor- 
phism that a linear map / induces between the corresponding projective spaces 
by P{f)- By considering the character ring as dual to the center, we can dualize 
the projective representation of the modular group on the center to a projective 
representation of the modular group on the character ring as follows: If the group 
element g e SL(2, Z) is represented by the equivalence class P{f) G PGL{Z{A)), 
consider for x G Ch(A) the character x' £ Ch{A) that satisfies 

for all z G Z{A), and set g.x = x' ■ This does not depend on the choice of the 
representative / and gives a projective representation of SL(2, Z) on P{C'h{A)). 

This construction raises the question whether the isomorphism that l in- 
duces between the projective spaces of the center and the character ring is 
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equivariant with respect to the corresponding actions. This is the case only 
after the action on the center is modified with the help of the automorphism 
introduced in Definition ll.il 



Proposition For aU g G F, the diagram 



P(Ch(A)) 



P{l) 



P{Z{A)) 



.P(Ch(A)) 



g.z 



P{l) 



■P{Z{A)) 



commutes. 



Proof. It suffices to check this for the generators s and t, for which we have 
seen in Paragraph ll.il that s = 5^^ and t = t^^. In the case of s, the assertion 
therefore follows from Proposition 14.11 and in the case of t it follows from the 
corresponding diagram given in Paragraph 14.31 □ 



The analogous question for P(<I>) can be deduced from this proposition: 
Corollary For all g G F, the diagram 

P(Ch(A)) X^9-X ^ P{Ch{A)) 



P{Z{A))- 



{sgs ^).z 



P{^) 



■P{Z{A)) 



commutes. 



Proof. This will follow from the preceding proposition by reversing the vertical 
arrows if we can verify that S o $ = on the character ring, or equivalently 
that $ o t = 6^1. But as ^ and $ agree on the character ring, we have from the 
definition of $ that <& o t = S* o S on the center, which in view of Corollary [ 
implies the assertion. □ 



Note that in the case where we have a linear representation of SL(2,Z) on the 
center Z{A), we will also get in this way a linear representation on Ch{A), and t 
and <I> will then be equivariant with respect to the linear representations. 
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9.2 If A G A is an integral which satisfies £(A) = 1, we define the bihnear 
form (•,•)* on Ch(74) by the equation 

(X,X')* := {xS*{x')m 

Then we have {xiiXj)* = ^ij = dimHom^(yi, V,) for the irreducible charac- 
ters/^^ which shows that this bilinear form is nondegenerate and symmetric. 

For I ~ 1, . . . ,k, we denote the character of the induced D{A)-modvdc Ind(V/) 
by 77/. Using this, we can express this bilinear form as follows: 

Proposition For all x,x' G Ch{A), we have 

Proof. Because both sides of the equation are bilinear in x ^nd x', we can 
assume that both characters are irreducible, so that X — Xi ^-nd %' = Xj for 
some i,j < k. The vector space Vi (E) Vj can be considered as an A (g) A-module 
by the componentwise action; it is then simple. We can turn it into a D{A)- 
module by puUback along We denote this £)(A)-module by U; since ^' is an 
isomorphism, this module is also simple, and the centrally primitive idempotent 
in Z{D{A)) corresponding to U is \I'~-^(ei (g) Cj). Because ® a) — A (a), the 
restriction of C/ to A C D{A) is the same as the pullback of the A (g) A- module 
structure along A, which is exactly how the tensor product ViiS)Vj of ^-modules 
is formed. 

We now have by the Frobenius reciprocity theorem-'^'^* that 

{XiXj,Xi)* = dimIlomA(Vi,Vi(g)Vj) = dimHomc(A)(Ind(V/), f7) 

= dimHomDM)([/,Ind(Vi)) = -^Vl{'^^\e^ ej)) 

niTij 

By Proposition 15.21 we have /.(ei) = nuiXi, so that 

m 

Inserting this into the preceding formula and using = ^.^^^^-^ , we get the 
assertion. □ 

This proposition has the following consequence: 
Corollary Suppose that Xfl(w) — Xr{u^^)- Then we have 

{9-x){9-x') = XX' 
for all g G r(A^) and all x, x' e Ch(yl). 
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Proof. Recall that the assumption implies that the representation of the mod- 
ular group is linear. By the nondegeneracy of the bilinear form above, it suffices 
to show that {{g-x){9-X')^ Xi)* = ixx'i Xi)* for all / = 1, . . . , A:. Now we get from 
the preceding proposition for g e r(A^) that 

((ff-x)(5-x'),x;)* = ^7\-r,m{'^-\^-\9-x)®^-'{9-x'))) 



dim(y4) 
1 

dim(^) 
1 

dim(^) 
1 

dim(A) 



m{'^-\9-^-\x)®~9-r\x'))) 
m{9-'i-\r\x)®r\x'))) 

77,(v|/-i(.-i(x)®.-^(x'))) = (xx',X/>* 



where the second equality follows from Proposition 19.11 the third from Propo- 
sition [131 and the fourth from Corollarv l8.4l □ 



9.3 We now turn for a moment to the special case where A = D{H), the 
Drinfel'd double of a semisimple Hopf algebra H, which is denoted by D to 
distinguish it from the general case. Note that H and D have the same ex- 
ponent N}^^ In this case, we now prove the following congruence subgroup 
theorem: 



Theorem The kernel of the representation of the modular group on the center 
of D is a congruence subgroup of level N. 

Proof. It follows from Corollary 18.41 that the character of every D-module 
that is induced from an module is invariant under r(7V). The regular repre- 
sentation of D is induced from the regular representation of H, and therefore 
its character is invariant under r(A^). This now implies that the counit is also 
invariant under r(A^). To see this, recall that CoroUarv 15.21 gives in particular 
that &^{pi) — Xi; which means that 6»(x_r) — dim(_ff)££). In view of 

Proposition 14.11 this in turn says that s^^.xb. — dim{H)£D- For an element 
g e r(A^), this gives 

'■'^ = dii/)-"""-^^ = dm^^"^^^^")-^^ = dm^'"-^^ = 
since r(iV) is a normal subgroup. 

If we now substitute ed for x' in CoroUarv 19.21 we get that g.x = X for every 
character x oi D and every g G T(N), and since conjugation by a restricts to 
an automorphism of r(A^), we see that every character is invariant under r(A'^). 
But considering how we defined this action in Paragraph l9.1i this implies that 
every central element is invariant under r(A'^), since the pairing between the 
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character ring and the center is nondegenerate. In other words, the kernel of the 
representation contains T{N), and therefore is a congruence subgroup. 

It remains to be proved that the level of the kernel is exactly N. But if there 
were some N' < N with the property that r(A^') would also be contained in 
the kernel, this would in particular imply that acts trivially on the center, 
which would mean that = 1. But as N is by definition the order of ujj, this 
cannot be the case. □ 

9.4 Returning to the general case of an arbitrary factorizable semisimplc Hopf 
algebra A, in which the action of the modular group in general is only projec- 
tive, we can still look at the kernel of the corresponding group homomorphism 
to PGL{Z{A)). For this kernel, the following analogue of Theorem 19.31 holds : 

Theorem The kernel of the projective representation of the modular group 
on the center of A is a congruence subgroup of level N. 

Proof. To show that r(A^) is contained in the kernel, suppose that this is not 
the case, and choose g £ r(A^) that is not mapped to the identity in PGL{Z{A)). 
Choose a representative / £ GL{Z{A)) for the action of g, and also a represen- 
tative / for the action of g. Because / is not a scalar multiple of the identity, 
there exists an element z £ Z{A) such that z and f{z) are not proportional, 
and therefore linearly independent. This implies that z (E) z and /(z) O f{z) 
are not proportional. But we saw in Paragraph 14.51 that the tensor product of 
our projective representation with its conjugate under a is induced by a linear 
representation, and that this linear representation is via ^I^ isomorphic to the 
representation on Z{D{A)), on which g acts trivially by Theorem 19.31 But this 
means that it acts trivially on z z, too, contradicting the fact that z (8> z and 
/(z) (g) f{z) are not proportional. 

As in the proof of Theorem l9.31 it remains to be proved that the level of the ker- 
nel is exactly N. Now if there were some N' < N with the property that r{N') 
would also be contained in the kernel, this would in this case only imply that 
acts on the center by multiplication by a scalar. But as u_d always preserves the 
integral, this scalar has to be 1, which contradicts the definition of as in the 
previous case. □ 
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10 The action of the Galois group 



10.1 In this section, we will introduce an action of the Galois group of the 
cyclotomic field determined by the exponent that will turn out to be intimately 
connected to the action of the modular group. As in Section [SI we consider a 
semisimple factorizable Hopf algebra A over our algebraically closed base field K 
of characteristic zero. The exponent of A will be denoted by N. Otherwise, we 
will use the notation introduced in Section O in particular, we will use the 
inverse Drinfel'd element as our ribbon element. The constant k, which 
determines the normalization of the integral p, is chosen as in Paragraph 19. 1|, 
and L is defined using this integral p. 

In Paragraph 15.11 we have constructed the algebra homomorphisms , . . . , 
from the character ring to the center. If we denote by Ch(j{A) the span of 
the irreducible characters xit ■ ■ ■ iXk not over K, but over the rational num- 
bers Q C if, it can be shown^^^ as in the case of the Drinfel'd double that the 
images ^i{Chq{A)) are contained in the cyclotomic field Qn determined by the 
exponent. The restriction of to ChQ(yl) is a Q-algebra homomorphism to Qat, 
and clearly is uniquely determined by this restriction. For a e Gal(Qjv/Q)7 
the map cr o is again a Q-algebra homomorphism from ChQ{A) to QjV: which 
must coincide with one of the restrictions of , . . . , . In this way, we get an 
action of Gal(Qjv/Q) on the set {1, . . . , fc} so that 

o lchQ(A)= Co-.i \chq(A) 

From this permutation representation, we get an action of the Galois group on 
the character ring Ch(j4) over the full base field K by permuting the characters 
accordingly, in the sense that 

and extending this action if-linearly 

The following lemma lists some basic properties of this action: 
Lemma 

3- cr.Xl = Xl 

Proof. For the first assertion, recall the formula ^i{xA) 
in Corollarv l5.3l Using this, we get 

dim(A) , f . fc f \\ ^ dim(yl) 



dim{A) 



established 



dim(^) 
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from which the first assertion is immediate. 

For the second assertion, recall the formula Sij = ni^i{xj) from Lemma [5.2[ 
from which we get 

Furthermore, we observed in Lemma l5.2l that the Verlinde matrix is symmetric, 
from which we see that cr(sij) = cr(sji) = Sa-.j,i = Si^a-.j- 

For the third assertion, note that we have 

so that cr(^i(xi)) — ^i(xi)- This implies a.l = 1. □ 

The action on the character ring can also be viewed in a different way: ChQ(A) 
is a commutative semisimple Q-algebra, and therefore by Wedderburn's the- 
orem^-"^^ isomorphic to a direct sum of fields. As in the case of the Drinfel'd 
double, it can be shown that these fields are subfields of the cyclotomic 
field Qn- Since the Galois group of Qjv is abelian, every subficld of the cy- 
clotomic field is normal, and therefore preserved by the action of the Galois 
group of Qpf. We therefore get an action of this Galois group on ChQ{A) as 
the sum of the actions on the Wedderburn components. The action of the Ga- 
lois group constructed above is exactly the .fC-linear extension of this action 
to Ch{A) = ChqlA) (X>q K. To see this, note that the restrictions of £,1, ■ ■ ■ 
to ChQ(j4) arise by projecting to some Wedderburn component and then em- 
bedding it into Qjv C K. Because the Galois group is abelian, it does not matter 
whether we first act on the Wedderburn component and then embed into Qjv, 
or first embed and then act. In other words, the action on the Wedderburn 
components satisfies 

for all a G Gal(Qjv/Q). But on the other hand it follows from the preceding 
lemma that we have £i{Xu.j) — so that the action constructed before 

also satisfies this equation, which means that the two actions have to coincide. 

If we consider the cyclotomic field Qat as a subfield of the complex numbers, 
complex conjugation restricts to an automorphism of the cyclotomic field, which 
we denote by 7 £ Gal((QAr/(Q)). It does not depend on the way how the cyclotomic 
field is embedded into the complex numbers, as it can be characterized by the 
property that it maps any A^-th root of unity to its inverse. As proved in several 
places in the literature, it acts on Ch(yl) via the antipode: 

Proposition For all x G Ch{A), we have 7.x — S*{x)- 

Stated differently, this asserts that 7.? — i*, which in particular implies that 
a.{i*) = {a.i)* for aU a e Gal(QAr/Q), as the Galois group Gal(Qjv/Q) is 
abelian. Using this, we can deduce further properties of our action: 
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Corollary 

1. a.pi =Pa-i.i 

2. 6,(a(x))=a-i(6,(x)) 

Proof. By Proposition 15. II and Corollarv l5.3i we have 

2 fc 

Using the facts just proved, we therefore get 

"■p' = di5^g^^^^^-)^-* = di^i) g^^^^-^-^-)^^-* 

2 fc 

which is the first assertion. 

It suffices to check the second assertion on a basis, so that we can assume that 
X — Xj- We then have by CoroUarv 15 . 21 that 

S*(o-(Xj)) = 6*(Xo-.j) = Kri„.j^a.j{XA))Pa.j 

by the first assertion and the proof of the preceding lemma. □ 

This coroUary shows in particular that the Galois group permutes the idempo- 
tents, which means that it acts via algebra automorphisms. This fact, however, 
is also obvious from the second description via the Wedderburn decomposition 
that we gave above. 

10.2 Besides the spaces Ch(A) and ChqlA) that we have considered above, we 
need to consider a third space that lies in between, namely the space ChQ„ {A) , 
which we define to be the span of the irreducible characters with coefficients in 
the cyclotomic field Qn- From the form of the base change matrix between the 
irreducible characters and the primitive idempotents of the character ring given 
in Proposition l5.1[ we see that we could alternatively have defined it as the span 
oi pi, . . . ,pk over the cyclotomic field Qjv- If we therefore, as in Paragraph l8.4[ 
denote by Zq^{A) the span of the centrally primitive idempotents ei, . . . ,6^ 
with coefficients in the cyclotomic field, we have that $(ChQ„(A)) = Zq„(A). 

We use these two different bases of the space to define two semilinear actions of 
the Galois group on ChQ„ (A) as follows: 
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Definition For cr £ Gal(QAr/Q), we define automorphisms tt, (ct) and vr^o-) 
of CliQ„ {A) by 

i—l i—1 i—1 i—1 

In otlier words, 7r*((T) acts on tlie coefficients in an expansion in terms of the 
irreducible characters, and vt^ct) acts on the coefficients in an expansion in 
terms of the primitive idempotents. Both of the automorphisms are semilinear 
in the sense that 

TT, (a) (Ax) = a( A) (a) (x) < (a) ( Ax) = a( A) < (a) (x) 

for A e Qn and x G ChQj^(A). Moreover, we have 7r,((T)(xi) = Xi as well as 
Ki'^)iPi) = K for all i 1, . . . , fc. 

The connection with the action of the Galois group considered in Paragraph llO.il 
is given by the following formula: 

Proposition For all x G ChQ„(yl), we have 

c^-X = «(ct) °7r,(cr)"^)(x) 

Moreover, 7r,(cr) and 7r!|,(T) commute for all cr, t G Gal((Q)7v/Q)- If Xni'u) is 
rational, we have furthermore that tt^ct) = S, o TT^{a) o 6^^. 

Proof. For the first assertion, note that 7r^((T) on^.{a)^^ is actually Qjv-linear, 
so that it suffices to prove that a.Xi = {'^ii<^) ° ''"♦(f) "'^)(Xi)- -But we have 

k 

(vrUa) o 7r,(a)-i)(x.) - <(^)(X0 = <('^)(E^^ te)P^) 

fc k 

i=i i=i 
by Lemma llO. II and the discussion in Paragraph l5.ll 

For the commutativity assertion, note that tt* (ct) obviously commutes with the 
action of r, because the action of r is linear and permutes the characters. Also, 
it clearly commutes with vr, (r), and therefore also with vr^r) by the result just 
proved. 

For the third assertion, note that the assumption that Xi?(") is rational implies 
that X-r(w) = lixni'^)) — X-rI"""^)! so that by our convention also k = 1/xr{u) 
is rational. To prove that tt^ct) o 6, = 6, o 7r,(CT), we also use that both sides 
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are semilinear, so that it again suffices to check that both sides give the same 
result on Xi- But here we have by CoroUarv 15 . 21 that 

<(cr)(6,(Xj)) = Tri{a){Kn,^i{xA)Pi) = Kn^£,i{xA)Pi = &*{Xi) = &*{'^*{<^){Xt)) 
which impUes the assertion. □ 

We give a second proof of the fact that a.x — {'^l{'^)°'^*{o')^^){x} from the point 
of view of the second construction of the action via the Wedderburn decompo- 
sition of the character ring, discussed after Lemma [10. II From Proposition [STll 
we know that the primitive idempotents pi are aheady contained in ChQ„ (A) . 
As we discussed above, a simple ideal of Ch.Q{A) is isomorphic to a subfield L of 
the cyclotomic field Qn, and the action on the character ring restricts on these 
Wedderburn components to the action of the Galois group. In other words, with 
respect to the isomorphism ChQ„(A) = ChQ(A) 0q Qjv, we have 

a.{x(g>X) =a{x)(E>X 7r,(cr)(x «> A) = x ® ^(A) 

for X G L and A e Q^. This shows that the formula that we have to prove 
is <(a)(x8)A) =(7(x)®tT(A). 

Because i is a Galois extension of the rationals, the map 

i ®Q Qat ^ Q^^^(^/Q\ X ® A (a(x)A),eGai(L/Q) 

is an algebra isomorphism, ^^"^ where the right-hand side is an algebra with re- 
spect to componentwise multiplication. Therefore, for every r e Gal(QAr/Q) 
there is a unique element J^j h ®Xj such that cT{lj)Xj = S^^t, corresponding 
to a primitive idempotent of Q^'^'^^/''^^. Because of its uniqueness, we have 

^a(?,)®a(A,)=^/, ®A, 

j 3 

for all a G Gal(Qjv/Q)- But this shows that the endomorphism x "■*(''■) (f-X) 
of ChQj^ (A) is a semilinear map that preserves primitive idempotents, which is 
the defining property of tt^ (cr) , establishing the assertion. 



10.3 As we have $(Ch(A)) = Z{A), we can use $ to transfer the action of the 
Galois group on the character ring to an action on the center. In other words, 
we define an action of Gal(QAr/(Q)) on Z{A) by requiring that the diagram 



Ch(A) 



Ch(^) 



Z{A) 



Z{A) 
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is commutative. With respect to a smaller base field, we can also define represen- 
tations TT : Gal(Qjv/Q) ^ GL(Zq„(A)) and V : Gal(Q^v/Q) ^ GL(Zq„(A)) 
by requiring that the diagrams 



ChQ„(A)^^li^ChQ„(A) 



ChQ„(A)^^^i^ChQ„(yl) 



commute. It is then a direct consequence of Proposition (TU^ that 

(7.Z = (7r'(cr) o 7r(cr)^"'")(z) 

Furthermore, 7r((T) and 7r'(r) commute for all cr, r G Gal((Q)Ar/Q), and if X-r(u) 
is rational, we get from Proposition 14. II that n'{a) — & o TT{a) o 6~^. We can 
also deduce immediately from Proposition l5.21 Corollarv llO.il and the equation 
= Bi that we have 

Similarly, we have for the semilinear representations that 

i—1 i—1 i=l i—1 

for A, e Qat. 

Let us list some basic properties of this action: 

Proposition For a e Gal((Q)Ar/Q), x e Ch{A), and z £ Z{A), we have 

1. iia.z) = a^^ .l{z) 

2. x(<T.z) = ia.x)iz) 

3. 6(cr.z) = a-\6{z) 



Proof. For the first assertion, we have by Proposition 15.21 and Lemma 110.11 
that 

L{a.ei) = t(e^-i.i) = Kn^-i.^Xa-i.i = Kn^a^^.Xi = cr"^t(ei) 
For the second assertion, we can assume that x — Xj ^n.^ z — Zi. We then have 
by Lemma 15.21 and Lemma 110.11 that 

Alternatively, one can deduce this from the equation Xji^i) = niSij. The third 
assertion follows from CoroUarv l 1 . 1 1 by applying <i> and using Proposition l4.1l □ 
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10.4 Our next goal is to investigate the equivariance properties of the action 
of the Galois group with respect to the isomorphism ^ introduced in Para- 
graph 13.11 If Vi and Vj are any two of our simple A-modules, Vi ^ Vj can be 
considered as an A (g) A-module by the componentwise action. As ^' is an alge- 
bra isomorphism between D{A) and A, we can introduce a _D(A)-module 
structure on Vi Vj by pullback via \E'. We denote Vi Vj by Vij if endowed 
with this -D(yl)-module structure; note that this module was denoted by U in 
Paragraph 19.21 If Xij denotes the character of Vij, we have Xij = ^*(Xi ^ Xj)- 
Its degree is = riirij, and the corresponding centrally primitive idempotent 
is Cij = ^'^^(ei ® Cj). 

As described in Paragraph lS.li from Xij we can derive several additional quan- 
tities: the central characters 

■.Z{DiA))^K, z^—x^Jiz) 
n^j 

the idempotents of the character ring pij $^^(eij), and the corresponding 
characters 

(,,:CHD{A))^K, x^Lo^^mx)) 

which in turn are used to define the class sums Zij G Z{D{A)) via the re- 
quirement that xi^ij) = ^ijix)- The following proposition describes how these 
quantities compare to the corresponding quantities for A: 

Proposition For z G Z{D{A)) and x,x' G Ch(A), we have 



1. UJ,j{z) = (tJj (g) Wj)(^'(z)) 

3- a.-(**(x®x'))=C.(x)0(x') 

Proof. The first assertion follows directly from the definitions; however, it 
should be noted that ^' as an algebra isomorphism induces an isomorphism 
between the centers Z{D{A)) and Z{A ® A) ^ Z{A) (g) ZiA)}"^^ The second 
assertion is equivalent to the equation <I>(pij-.) — ^{'i>*{pi ® pj)), which by 
Proposition 13.41 is equivalent to 

e,,j. - ^-\Hpr) ® Smpj))) = *-i(e, g. S{ej)) 

which we have established above. Recall in this context that we have 

Ch{{A A)f) = Ch{A (»A)'^ Ch{A) eg, Ch{A) 

by Lemma 13.41 
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The third assertion follows from the second, because it suffices to check it in the 
case where x = Pm and x' = Pi- But in view of the definition of the class sums, 
the third assertion can also be written as 

which implies that ^'(zij-.) = Zi (g) zj, which is the fourth assertion. □ 

10.5 In Paragraph 110. ![ we have defined the action of the Galois group by 
first requiring that ^a.i{xj) — '^(S.iiXj)) and then defining it on Ch{A) by setting 
a-Xi = XtT.i and extending linearly. This action is also defined in exactly the same 
way for D{A)] the only difference now is that we have indexed the corresponding 
quantities for D{A) by pairs. In terms of these pairs, the first equation above 
reads ^cr.(i,j) iXmi) — o'iS.i.j iXmi))- But by Proposition ll0.4[ this can be rewritten 
as 

L.{t,j){Xml) = <j{£,z,j{Xml)) = 0-(^ij(^'*(Xm ® Xi))) = <^i^t{Xm)^f iXl)) 
= Crte(Xm))cr(Cj*(X/)) = ^<y.iiXm)^a.j-{Xl) = C(<t.j.<t.j) (Xm/ ) 

where we have used the fact that (T.(j*) = {cr.j)* discussed after Proposition llO.il 
This means that we have a.{i,j) — (cr.i, cr.j), which can be restated as follows: 

Proposition The map 

Ch(^) ® Gh{A) ^ Gh{D{A)), X ® X' ^ **(X ® x') 
is Gal(Qjv/Q)-equivariant if Ch(^)®Ch(A) is endowed with the diagonal action. 
Proof. For (T e Gal(QAr/Q), we have 

**(cr.Xi <E) (J-Xj) = **(XfT.j «> Xa.]) = Xa.tM.j = Xa.(i.,j) = ^-Xij = {Xi ® Xj) 

As the characters Xi ® Xj form a basis of Ch(y4) ® Ch(A), this is sufficient. □ 

The preceding result can also be understood from the point of view of the Wed- 
derburn decomposition of the character ring, as described after Lemma [10.11 As 
we pointed out there, the character rings C\iq{A) as well as Ghq{D{A)) decom- 
pose into direct sums of subfields of the cyclotomic field Qjv, and the Galois 
group preserves the Wedderburn components and acts there via restriction to 
the corresponding subfield. Now is a Hopf algebra isomorphism between D{A) 
and {A® A) p , so that restricts to an isomorphism between the character rings 
and therefore maps Wedderburn components to Wedderburn components. By 
Lemma lX^ we have Ch(Q{{A(^A) p) = ChiQ{A^A), so that the assertion now will 
follow if we can justify that the isomorphism Chq^A (S) A) = ChQ{A) ® ChQ{A) 
is equivariant with respect to the diagonal action on the right-hand side. 
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This now follows from an argument that is similar to the one used at the end of 
Paragraph 110.21 Let L and M be two subfields of Qat that appear as Wedder- 
burn components of ChQ(y4.), and let P be a subfield of Qat that appears as a 
Wedderburn component of G)i{^{A ® A). We then have a commutative diagram 
of the form 

/ 

L®M 



ChQ(A) ® ChQ(A) ChQ(^ ® A) 

where the left vertical arrow is the tensor product of the injections of the Wed- 
derburn components, and the right vertical arrow is the projection to the Wed- 
derburn component. The resulting multiplicative map f : L ® M ^ P may be 
zero, in which case it is equi variant. If it is not zero, then /(I ® 1) is a nonzero 
idempotent in P, which implies that /(I 1) = 1. Then the map 

L-> P, f{x 1) 

is a field homomorphism, and since Gal(QAr/Q) preserves all subfields and acts 
on them in a way that is independent of the embedding into Qjv, we get that 

1)) = eg) 1) 

for all a G Gal(QAr/Q). Similarly, we cr(/(l » y)) = /(I ® a{y)) and therefore 

y)) = a{f{x 1)/(1 ® y)) = a{f{x ® l))a(/(l ® y)) 
- f{a{x) ® 1)/(1 ® a{y)) = ® a{y)) 

Pasting all the Wedderburn components together, we see that the isomorphism 
ChQ(A (g) A) = ChQ(A) (8) ChQ(A) is equivariant with respect to the diagonal 
action on the right-hand side. 

In Paragraph 110.31 we have transferred the action of the Galois group from 
the character ring Ch(A) to the center Z{A) by requiring that $ be equivariant. 
As D{A) is also a semisimple factorizable Hopf algebra, this whole discussion ap- 
plies to D{A) as well, so that we also have an action of Gal(QAr/(Q)) on Z{D{A)). 
The formulas obtained in Paragraph 110.31 then give in particular that 

where we have used the formula a.{i,j) ~ {<J.i, cr.j) obtained earlier. 

Now we have already pointed out in the proof of Proposition ll0.4l that 'J induces 
an isomorphism between Z{D{A)) and Z{A) (g) Z{A). The above formulas now 
imply that this isomorphism is equivariant if we endow Z{A) Z{A) with the 
diagonal action of the Galois group: 

Corollary For a e Gal(Qjv/Q) and z G Z{D{A)), we have ^'(cr.z) = cr.*(z). 
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Proof. It suffices to check that we have 

*(o-.eij) = *(e<^-i.i,CT-i.j) = e^-i,i O e„-i,j = a.Ci a.ej = C7.*( 
since the centrally primitive idempotents form a basis of Z{D{A)). □ 
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11 Galois groups and indicators 



11.1 Before we really begin, we present a little background from the theory of 
Frobenius algebras. We therefore defer the discussion of the setup of this section 
to Paragraph 1 11. 21 

Recall that the ring M(r x r, K) of r x r-matrices is a Frobenius algebra with 
respect to the ordinary matrix trace function tr as Frobenius homomorphism. 
The dual basis of matrix units Eij with respect to the bilinear form arising from 
the trace is again formed by the matrix units Eji^ with the indices reversed. The 
corresponding Casimir element therefore is 

r 

Note that this element is symmetric under interchange of the tensorands. The 
following lemma states that this and its Casimir property characterize it up to 
proportionality: 

Lemma Suppose that ^ - ® i?i G M{r x r, K)^^ satisfies 

1. J2^A^^<'^B,=J2^A^^B,A 

Then there is a number ^ ^ K such that Ai eg) Bi = ^ij ® -^ji- 

Proof. This verification is left to the reader. □ 

If we multiply the tensorands of our Casimir element together, we get a multiple 
of the unit matrix Er'. 

r r 

EijEji = rEr Y ti{Eij)Ej^ 

Multiplying this equation by /i, we see that an element of the form considered 
in the lemma will also satisfy this equation: 

i i 

Note that this discussion applies directly to the Wedderburn components of 
an arbitrary semisimple algebra, where, however, the number r varies with the 
Wedderburn component. The algebra that we have in mind is the character 
ring Ch(i?) of a semisimple Hopf algebra, which is a Frobenius algebra. In 
this application, the element Ai that appears in the lemma will be the Wed- 
derburn component of an irreducible character, and Bi will be the Wedderburn 
component of the corresponding dual character, so that ^iBi is the Wed- 
derburn component of the character of the adjoint representation. 
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11.2 It is the aim of this section to discuss how the action of the Galois group 
relates to the action of the modular group, and again the equivariant Frobenius- 
Schur indicators that we introduced in Paragraph 18 . II will be our main tool. We 
assume throughout the section that A = D :— D{H), the Drinfel'd double of a 
semisimple Hopf algebra H. Recall from Paragraph (HH] that xr{ud) = dim(ff) 
is a rational number in this case; furthermore, as pointed out in Paragraph l9.3l 
D and H have the same exponent TV. We will use the notation of Section [TOl 
throughout. 

We need a preparatory result about the induced module of the trivial module. 
As discussed in Paragraph 17. 11 the induced I?-niodulc lm\{K) of the trivial H- 
module K can be realized on the underlying vector space H* , and this is the 
way in which we will look at it in this paragraph. If we denote its character 
by ry, the result that we will need is the following: 

Proposition For all z £ Z{D) and all a e Gal{QN /Q), we have 

'q{a.z) = r]{z) 

Proof. (1) By linearity, it suffices to check this on a basis of the center, so that 
we can assume that Z — 6^ IS cL centrally primitive idempotent. If denotes the 
multiplicity of the simple module Vi in Ind(_ft'), we have ri{ei) = niirii. We first 
treat the case where ?/(ei) ^ 0; i.e., the case in which Vi is really a constituent 
of lTid{K). 
Recall^^s ^^^^^ 

Ch{H) ^ Endc(i?*), x^i^^ VX) 

is an algebra anti-isomorphism. Since is central, the action of is also a D- 
endomorphism of H* , and therefore must be given by right multiplication with 
a centrally primitive idempotent q £ Z{C]i{H)). Further discussion^^^ shows 
that q :— Res (p.;), where 

Res : Ch(D) ^ Z{Ch{H)) 

is the restriction map. The fact that ei.Lp = Lpq for all Lp G H* implies in 
particular that 7]{ei) = dim(_ff*q). Furthermore, the general theory of endomor- 
phism rings of semisimple modules^'^''^ implies that the Wedderburn component 
of Ch(iJ) corresponding to q has dimension A\m{Ch-{H)q) — ml. 

(2) Let 

C : Z(Ch(iJ)) ^ K 

be the central character corresponding to q; i.e., the algebra homomorphism 
from Z{C\v{H)) to K that maps g to 1 and vanishes on all other centrally 
primitive idempotents of Ch(7J). Note that we then have = f o Res. Now we 
know from Lorenz' proof of the class equation, combined with the discussion 
at the end of Paragraph lll.il that 

m,dim(g) ^ ^Xa) 
dm\{H*q) mi 
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where denotes the character of the adjoint representation of H. As we have 
dhn{H*q) = 'q{ei) — riimi, we can rewrite this as 

(3) If X e ChQ(i:>), we have 

e<..(x)=^(6(x))=<T(e(Res(x))) 

This shows that ^o-.i = ^'oRes, where ^' : Ch(iJ) K arises by scalar extension 
of cr o ^ from ChQ(i?) to Ch(i7). If q' G Z{Gh{H)) is the centrally primitive 
idempotent that corresponds to in the sense that £,'{q') — 1, it foUows exactly 
as above that rjlea-.i) = dim(_ff*g') ^ 0. Even stronger, by applying the equation 
obtained in the preceding step to these idempotents and using Lemma 110.11 we 
get 

m^.i dim{H) = n^.i£.'{x'A) = "iCr('?(x!4)) = '^iUxa) = "^i dim(i7) 

from which our assertion follows immediately, as we have ri{e^,i) — n„,im„,i = 
niTTii = ri{ei) by Lemma 1 1 . 1 1 again . 

(4) Finally, it remains to consider the case r]{ei) = 0. But then we must also 
have rj{ea.i) — 0, because otherwise we can replace i by a.i and cr by its inverse 
in the preceding discussion to get r]{ei) — rj{ea-i„,i) ^ 0, which is obviously a 
contradiction. □ 

In view of Proposition ll0.31 this result can be restated by saying that the char- 
acter rj of the induced trivial module is invariant under the action of the Galois 
group: 

Corollary For all a G Gal((Q)Ar/Q), we have a.rj = rj. 

11.3 We now want to relate the action of the Galois group to the equivariant 
Frobenius-Schur indicators that we introduced in Paragraph l8.ll Recall that for 
any cyclotomic field Qm and an integer q relatively prime to m, we have an 
automorphism cr, G Gal(Qm/Q) with the property that crg(C) — C for every 
m-th root of unity C^. Every element of the Galois group is of this form. Although 
Uq depends on the field and therefore on to, this dependence is diminished by the 
fact that when to' divides m, so that Q^/ C Qm and q is also relatively prime 
to to', the restriction of a, to Qm' coincides with the automorphism defined for 
this field. 

Using this notation, we can now relate the action of the Galois group to the 
equivariant Frobenius-Schur indicators in the following way: 
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Proposition Consider an H- module V, a central element z £ Zq^{D), and 
three integers m,l,q G Z. 

1. If g is relatively prime to A'^ and m, we have 

aq{Iv{(m,l),z)) = Iv{{in,lq),Tr'{aq){z)) 

2. If g is relatively prime to N and /, we have 

aq{Iv{im,l),z)) = Iv{imq,l),Tr{aq){z)) 

3. If 9 is relatively prime to N , to, and /, we have 

Iv{{m, Iq), ag.z) = Iv{{mq, I), z) 

Proof. (1) Recall that, by Proposition 18.41 we have /v'((to, Z),z) e Q^v, so 
that the expressions considered are well-defined. We begin by proving the first 
assertion in the case m > 0. For this, we note that both sides of the equation are 
semilinear in the variable z, so that we can assume that z = for some i. Then 
we have by definition that /^((to, Z), z) ~ tr(/3' op„j(ei)), where /3 = /3y v'^i™-!) ' 
properly interpreted in the case to = 1. The endomorphism /?' o Pm{ci) coincides 
with /3' on the isotypical component corresponding to ei and is zero otherwise. 
Since = id, we see that the eigenvalues of o pm{ei) are mN-th roots 

of unity, which are raised to their q-th power by the action of aq. But these 
q-th powers are exactly the eigenvalues of /3'^ o p,n{ei), which implies the first 
assertion in the case to > 0. 

(2) The first assertion in the case m < follows from the case to > 0, because 
we then have by definition that 

crq{Iv{{m,l),z)) = aq{Iv{{-m, -1),Sd{z))) = Iv{{-m, -lq),TT' {aq){SD{z))) 
= Iv{i~m, -Iq), Sd{tt' {aq){z))) = Iv{{m,lq),TT' {aq){z)) 

where the fact that 7r'((Tq) and Sd commute follows from the fact that Sd 
permutes the centrally primitive idempotents. The remaining case of the first 
assertion therefore is the case m — 0; however, we leave this case open for a 
moment. 

(3) Instead, we now prove the second assertion in the case to > and g = — 1. 
In this case, we have that cr_i = 7 is the restriction of complex conjugation. In 
view of the assertion already established, we have to show that 

/v((to, -/), 7r'(7)(z)) - Ivihm, I), 7r{j){z)) 

Replacing z by 7r(7)^^(z), we get the equivalent assertion that 

/y((TO, -0, l-z) = Iviim, -I), (7r'(7) o TT{^r'){z)) = /y((-TO, l),z) 

which follows from the fact that j.z — S{z) by Proposition llO.il 
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(4) From this, wc now deduce the first assertion in the case m = and / > 0. 
The condition that q is relatively prime to m = then forces that q = ±1. As 
the case g = 1 is obvious, we can assume that g' = — 1, and this reduces to the 
case just treated since 

lv{{0, -0, 7r'(a_i)(^)) = lv{{0, -I), (6 o 7r(a_i) o 6-'){z)) 
= 7y(H,0),(7r(<7_i)o6-i)(^)) 
= a_i(7y((Z, 0), 6-\z))) = a-iiWrn I), z)) 

(5) As in the second step, the case of the first assertion where m = and I < 
follows from the case m = and / > just established by using the antipode. 
It therefore remains to establish the first assertion in the case where m = / = 0. 
Exploiting semilinearity as in the first step, we can again assume that z = ei. 
Note that in general /y((0,0), z) is the trace of the action of z on the induced 
module hid{K); in case z = Ci, this is an integer. It is therefore invariant under 
every Galois automorphism, which establishes the first assertion in this case and 
therefore completely. 

(6) The second assertion follows from the first by a variant of the one we have 
used in the fourth step: 

Iv{{mq,l),Triag){z)) = Iv{{mq, I), o 7r'(ag) o e){z)) 
= Iv{{-l,mq),{^'{cT,)o&){z)) 
= crg{Iv{{-l,m),e{z))) = aq{Ivi{m,l),z)) 

(7) By comparing the first and the second assertion, we get that 

Iv{{m,lq),'K'{aq){z)) = Iv{{mq,l),'K{ag){z)) 
Replacing z by 7r{aq)~^{z), this becomes 

Iv{(m,lq),<7g.z)) = Iv{{m,lq),w'{ag){TT{agy^{z))) = Iv{{mq,l),z) 
which is the third assertion. □ 

For an integer q that is relatively prime to N, we can find another integer q' 
such that qq' = 1 (mod ) , which describes the inverse of the residue class of q 
in the group of units Z]^. Using it, we can derive the following corollary, which 
should be viewed as a kind of adjunction relation between the Galois action and 
an action on the lattice points: 

Corollary Suppose that m and I are nonzero integers. Furthermore, suppose 
that q and q' are relatively prime integers that are both relatively prime to ml. 
If qq' = 1 (mod N), we have 

Ivi{m,l),ag.z) = Iv{{mq,lq'),z) 
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Proof. Since q is relatively prime to Iq' , it follows from the preceding propo- 
sition that 

Iv{{m, lqq'),(Jg.z) = Iv{{mq, Iq'), z) 

As we have qq' = 1 (mod A^) and gcd(rn,lqq') — gcd{m,l), it foUows from 
Proposition 11.21 that (to, Iqq') and (to, I) are in the same r(A^)-orbit, so that the 
assertion foUows from Theorem l8.4l □ 

11.4 For integers q and q' such that qq' = 1 (mod N) as above, we denote 
the residue classes in Zjv by q resp. q' . With these numbers, we have associated 
in Paragraph 1 1 . 41 the matrix 

Hq)^{l eSL(2,z^) 

Because the principal congruence subgroup r(A^) acts trivially by Theorem [931 
the action of the modular group factors over the quotient group SL(2, Zat), so 
that in particular the action of 5(g) on the center is defined. It has the following 
basic property: 

Proposition /y ((m, /), aq.z) — IvUm, I), O(q).z) 

Proof. (1) We first prove this in the case where both to and I are nonzero. The 
numbers q, ml ^ 0, and N are relatively prime, because already q and N are 
relatively prime, and therefore we get from Lemma ll.3l that there is an integer c 
such that q+cN is relatively prime to ml. Note that q+cN is necessarily nonzero. 
As the asserted equation only depends on the residue class of q modulo A^, we 
can replace q hy q + cN if necessary to achieve that q is relatively prime to ml. 

Similarly, since q' , mlq ^ 0, and A^ are relatively prime, we can again by 
Lemma 11.31 find an integer c' such that q' + c' N is relatively prime to mlq. 
If necessary, we can replace q' by q' + c'N to achieve that on the one hand q 
and q' are relatively prime, on the other hand both of them are relatively prime 
to ml 7^ 0. 

(2) If q and q' are chosen so that they have these additional properties, it follows 
from CoroUarv l 1 1 . 31 that /y((TO, Z), <Jq.z) = Iviijnq, Iq'), z). Therefore, our claim 
will follow if we can establish that 

Iv{{mq, lq'),z) = Iv{{m,l),d{q).z) 

For this, suppose that G SL(2,Z) is a lift of 0(9) e SL(2,ZAr). By 

Theorem 18.31 and Theorem 18. 4[ it then suffices to show that {mq, Iq') and 
(am + cl,bm + dl) are in the same r(A^)-orbit. But this follows again from 
Proposition II. 21 as we have 

t := gcd(TO(7, Iq') — gcd(TO, I) — gcd{am + cl, bm + dl) 
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and the two lattice points are by construction componentwise congruent mod- 
ulo N after division by t. 

(3) The case m ^ 0, I — can be reduced to the case just treated by observing 
that the lattice points (m, 0) and 

(m, mN) = (m, 0) 

are in the same r(iV)-orbit, so that we get 

/y ((m, 0), (Tq.z) = Iv{{m, mN), cjq.z) = Iv{{m, mN),d{q).z) 
^ lv{{m,0),<){q).z) 

by Theorem l8.4l Similarly, the case m — 0, I can be reduced to the previous 
case, as the lattice points (0, 1) and 

a7v,o-(o,o(^ J) 

are in the same r(iV)-orbit. 

(4) It remains to consider the case m = I = 0. In this case, we have in view of 
Theorem [Ql that lv{{0,0),d{q).z) = /y((0,0),z) But on the other hand, this 
indicator is by definition equal to the character of the induced trivial module, so 
that the equation /^/((O, 0), (iq.z) — /^/((O, 0), z) is exactly Proposition 1 11. 21 □ 

A special case of this proposition leads to an invariance property that will be 
important later. Recall from Paragraph lS.ll that ei is a normalized integral. We 
now show that it is invariant under the action of the diagonal matrices 5(g) 
considered above. Before we derive this, note a difference in the dualization of 
the Galois group and the modular group: While the action of the Galois group 
was carried over from the character ring to the center in Paragraph 110.31 by 
requiring that $ is equivariant, the action of the modular group on the character 
ring was introduced in Paragraph l9.1l bv regarding the character ring as dual to 
the center via the canonical pairing. 

Corollary If g e Z is relatively prime to N, we have i)(g).l — 1 as well as 
f)(g).ei = ei. 

Proof. As we have already used in the proof of CoroUarv 18.41 the indicators 
corresponding to the lattice points (1,0) are exactly the characters of the in- 
duced modules. The regular representation of D is induced from the regular 
representation of H, so that we get as a special case of the above proposition 
that Xfl(crq.z) — xr.{^{i)-z)- If g' G Z satisfies gg' = 1 (mod N), this equation, 
in terms of the action of the modular group on the character ring introduced in 
Paragraph l9.1[ reads 

<^q-XR = ^{q')-XR 
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where we have used Proposition 110.31 in addition. As we have t(l) — kxr by 
construction, it foUows from Proposition 19 . 1 1 and Proposition [T0?3] that cr~^ .1 = 
^{q').!. Now it follows from Lemma [10.11 that aq.ei ~ ei. Applying 6 and using 
Proposition 110. 3[ we get a^^ .&{ei) = S(ei). But 6(ei) = k1 by Corollarv l5.2l 
which shows that cr~^.l = 1 and establishes the first assertion. This equation 
also shows that the second assertion follows from the first by applying and 
using the commutation relation 

q 0\ /O -1\ ^ /O -q\ ^ (0 -1\ fq' 
q'J {l J {q' J {l J {O q 

between s and the diagonal matrix. □ 



11.5 Proposition 1 1 1 .41 can be substantially strengthened: The following theo- 
rem, which is the main result of this section, asserts that the two actions do not 
only give the same result inside the indicators, but are just equal: 

Theorem If g e Z is relatively prime to N, then we have cr^.z — i){q).z for all 
elements z in the center of D = D{H). 

Proof. For this, it suffices to show that x((Tg.z) = x{^{(i)-z) for all x ^ Ch(£'). 
If we rewrite this equation in terms of the action of the Galois group on the 
character ring introduced in Paragraph 110.11 and of the action of the modular 
group on the character ring introduced in Paragraph 19. 11 it takes by Proposi- 
tion [TUin] the form (Tq.x — ^{q')-Xj where q' € Z satisfies qq' = 1 (mod N). This 
is equivalent to the condition 

for all I, using the bilinear form introduced in Paragraph 19.21 If rji denotes 
the character of the induced _D(i?)-module Ind(V/), we can by Proposition 19.21 
rewrite this equation in the equivalent form 

Vi{^-\i-H<T,-x) ® ^-He))) - vi{'f-\i-\Hq').x) ® r\e))) 

As we have = -^ei by Proposition l5.2[ we can rewrite this equation further 

in the form 

f^i{^-\<j;\r\x)®ei))=rn{^-\d{q').i-\x)'»ei)) 

where we have used Proposition 19.11 and Proposition 110.31 By Lemma 110. 1[ we 
have o'q(ei) = ei, which can be used together with the analogous equation in 
Corollarv lll.4l to give with 

m{^~\a;\i-\x) ® s '-ei)) - m{'^'\Hq')-^-Hx) ® W)-ei)) 

still another equivalent version of our condition. This in turn is by Corollarv llO.51 
and Proposition 14 ■ 51 equivalent to 

mi^;'.^-\L-Hx) ® ei)) - miHQ')-'f~H^-\x) ^ ei)) 
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But as we have r]i{z') = ly, ((1, 0), z') for all z' £ Z{D{D)), this is a special case 
of Proposition [1X41 □ 

This theorem has an interesting consequence for the components Ui of the Drin- 
fel'd element that we introduced in Paragraph 15. 21 

Corollary For all a G Gal((Q)Ar/Q), we have a'^{ui) — u^r.i- 

Proof. Recall that all component Ui of the Drinfel'd element are A^-th roots 
of unity. If cr = CTg and qq' = 1 (mod N) , it follows from the relation 

q' 0\ fl 1\ fq 0\ _ (I f 
qj \0 Ij \0 q'J ~ \0 1 ' 

by the preceding theorem that a^^ .(u^^aq.ei) = u^'^ e^, or alternatively 

1 1 „ '2 1 

which establishes the assertion. □ 
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12 Galois groups and congruence subgroups 



12.1 In this section, we leave the case of a Drinfel'd double and reconsider 
an arbitrary semisimple factorizable Hopf algebra A. We will use the notation 
introduced in Section O and for the double D := D{A) we will use the notation 
introduced in Paragraph 110.41 We first consider a new quantity that will play 
an important role in the sequel: 



Definition For g G Z , we define the Hopf symbol 

lo :gcd((Z,A^)^l 
where N is the exponent of A. 



The Hopf symbol generalizes the Jacobi symbol: If we take Radford's example, 
i.e., A — K[Z,n\, the group ring of a cyclic group of odd order n endowed with 
a modified R-matrix, then it follows from the discussion in Paragraph [53] that 




The Hopf symbol should be viewed as a 1-cocycle in the following way:^^'' The 
Galois group Gal(QAf/Q) acts on the multiplicative group of nonzero ele- 
ments in the cyclotomic field. With the element Xfl(M~^) S Q^, we can therefore 
associate a 1-coboundary 

/ : Gal(Q^/Q) ^ Q^, a ' ■ 



XRiu ^) 

This is essentially the Hopf symbol: If q is relatively prime to N, we have 

^^'^^ XRiu-') XRiu-') [aJ 
As a 1-coboundary, it is in particular a 1-cocycle, and therefore satisfies 



Actually, it follows from a version of Hilbert's theorem 90 that every cocycle is 
a coboundary in this situation. 

From the cocycle equation, we immediately obtain the following: 
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Proposition The following assertions are equivalent: 



1. The Hopf symbol is a Dirichlet character. 

2. (^) e Q for all g e Z. 

In this case, we even have that € {0, 1, —1} for all g G Z. 

Proof. That the Hopf symbol is a Dirichlet character means by definition^^^ 
that we have 



A J \AJ\A 

for all q, q' G Z. Note that this equation is satisfied automatically if q or q' are 
not relatively prime to N . Comparing this equation to the 1-cocycle equation 
above, we see that it is equivalent to the condition crq{{^)) — (^)- But that the 
Hopf symbol is invariant under the Galois group just means that it is a rational 
number. 

If it now happens that the Hopf symbol is a Dirichlet character, then its image 

{(^^ |geZ,gcd(<7,7V) = l} 

is a finite subgroup of the multiplicative group Q^. As {1,-1} is the largest 
finite subgroup of Q^, it must contain all the Hopf symbols. □ 



12.2 To find out more about the Hopf symbol, the first step is to note that 
CoroUarv 111.51 still holds in this more general situation: 

Lemma For all cr G Gal(QAr/(Q)), we have cr^(ui) — u^a- 

Proof. The expansion of the Drinfel'd element considered in Paragraph 15.21 
takes in the case of D{A) the form 

k 

In terms of these components, the equation ^'(u_d) — u ® u^^ obtained in 
Lemma [3.11 takes the form 



k k 

Ui 
Ui 



so that Uij = From CoroUarv 111.51 we get that a^iuij) — Uo-.i.o-.j, which 
translates into 
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so that a'^{ui)/ua,i — (j'^{uj) ju^.j. As we have ui = e(u) = 1 and cr.l = 1 by 
Lemma llO.li we can insert j — I into this equation to get a'^{ui)/ua-.i = 1, from 
which the assertion foUows immediately. □ 

It may be noted that inserting 7 for a and using Proposition llO.fi we recover 
the fact that Ui* = Ui, which expresses that S{u) = u, a fact aheady pointed 
out in Paragraph l5.ll 

As a consequence, we can derive several facts about the Hopf symbol: 

Proposition The Hopf symbol is a root of unity. If N is odd, its order divides 6 
and 2N. If N is even, its order divides 24 and N. Furthermore, we have 




if g is a square modulo N. 

Proof. (1) From Proposition[01 we get STSTST = XR^u^^) dim(A) C^. As 
is the unit matrix, this implies by taking determinants that^^^ 

det(S)3det(T)3 ^ xr{u'^)'' dim(A)'= 

PropositionOalso yields that det(S)2 = dim(A)'= det(C) = ±dim(A)'=. There- 
fore, if q is relatively prime to N, we have crg(dct(S)) = ±det(S). If we now 
apply aq to the above equation, we get 

±det(S)V,(det(T))3 =xfl(w"'^)'' dim(yl)'= 
If we divide the two equations by each other, we therefore get that 

^ XRju-")' ^ a,(det(T))3 
\a) xr{u-^Y det(T)3 

Since det(T) is an A^-th root of unity, we see that is a root of unity. Moreover, 
it is clear from its definition that (-|-) G Qat, which implies that {^"^^ = 1, and 
actually (f)^ = 1 if iV is even.^^^ 

(2) It now follows from the preceding lemma and Lemma llO.il that we have 

i=l i=i ^<y^-i 

Dividing this equation by X-rC'^"^); this shows that (^) = (^), which shows 

, 2, 

for Z = 1 that (^) = 1. But the computation also shows that 

2,(£\. <^liXR{u-')) ^ XR{n-') ^ (l\ 
'"^^Uy^ <yl{XR{n-')) XR{n-^) W 
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Now if is a primitive N-th root of unity, we have already shown in the first 
step that we can write (^) — ±C™ for some m, so that the preceding equation 
becomes ±<;^""^^ = ±C™, which impUes mq^ = m (mod N) for all q that are 
relatively prime to N, which means that N divides m{q^ - 1). If iV is odd, 
we see by taking q ^ 2 that N divides 3m, so that (^)^ — ±^3m _ g^j^^ 
therefore (-j)^ = 1. 

If N is even, we have seen that we actually have (^) = C™ for some m. If 
N — YiiPT' prime factorization of N into powers of distinct primes, we 

can find by the Chinese remainder theorem a unit q modulo N that satisfies 
g = 3 (mod p™') if = 2 and q = 2 (mod p™') if pi ^ 2. If = 2, we 
therefore get that p™' divides 8m, and if pi ^ 2, p™' divides 3m. In any case, 
p™' divides 24m, so that N divides 24m, showing^^^ that (^)^'* = 1. □ 

It may be noted that this proposition asserts in particular that xr{'^) = XBi'^~^) 
if —1 is a square modulo N. If this happens, we can say even more about the 
Hopf symbol: 

Corollary Suppose that Xi?(") = Xni"^^^)- Then the Hopf symbol is a Dirich- 
let character, and we have (f) e {0, 1, -1} for aU g e Z. 

Proof. Let 7 e Gal(Qjv/Q) be the restriction of complex conjugation con- 
sidered in Paragraph llO.il Using it, we can write the assumption in the form 
liXRi'^^^)) — Xb.{u^^)- If Q is relatively prime to N, we then also have 

liXRiu-")) = 7K(Xfl(w-'))) = ^Mxr{u-'))) = o,{xr{u-')) - Xr{u-'^) 

because Gal(QAr/Q) is abelian. Dividing this equation by the preceding one, we 
obtain 7((;^)) — {■^- But since is a root of unity by the preceding result, we 
also have 7((-|)) = l/(-|). Therefore (;|)^ = 1 and (;|) e {1, -1}. The remaining 
assertions follow from Proposition 112. II □ 

We have already pointed out that the condition x_r('") = Xr{u~^) means for the 
Hopf symbol that (^) = 1. A Dirichlet character with this property is called 
even.-'^^'' 

12.3 We have seen in Paragraph 19.41 that the kernel of the projective repre- 
sentation of the modular group is a congruence subgroup of level N . However, 
in the case where X-r('") = Xr{'U'~^)^ we have also seen that this projective rep- 
resentation comes from a linear representation. This raises the question whether 
in this case also the kernel of the linear representation is a congruence subgroup 
of level N . As we will see now, this in fact holds. Our reasoning is based on 
the following lemma, which is an adaption of an argument by A. Coste and 
T. Gannon to our situation:^"^^ 
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Lemma Suppose that q,q' £1^ satisfy qq' = 1 (mod N) . Then we have 

(e o o 6-1 o T-? o 6 o 1^'){e^) = nxRiu-") e^-i .^ 
Proof. It foUows from Proposition 15.31 that 

STSTST = xr{u^^) dim(A) 

and is the unit matrix by construction. If we write this out in components, 
it means that 

V ^^^=XH("-^)dim(A)5,^ 

^ Uj Ul Um 

If we apply Oq to this equation, it becomes 

k 

1 -q 5 — = Xfl(" ^)dim(A)(5,„ 

U] Um 
j,l=l J ' 

If we replace j by <Jq^-j and m by a~^.m, this becomes 

j,l=l -j ' o-q .rn 

But this can by the preceding proposition be written in the form 

y S^SjlSjra ^ (^-g) dim(A)5, -1 „ 

Multiplying Ci/n; by this scalar and summing over i, this becomes 
l^f^f^ ' E ^^^^ = X«(^^-'')dim(A)^e, 

by Corollary [521 by repeating this argument we get 

_ dim(A) 1 A , rraN^e^ 

= o T«' o e o o 6 o T«')( — ) 

which gives 

(e o T«' o 6 o 19 o 6 o X9')(e„) = dim(A) e^-i 
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after substituting m* for m. Applying the antipodc, which commutes with 6 
and T, we get 

(6 o 1''' o 5S o o 6 o T«')(e™) = «;xi?(""')(p ® p){R' R) e^-^.™ 

where we have used that dim(A) = p{u)p[u^^) — [p ® p){R'R), as observed 
in Paragraph [231 Now the assertion follows from Corollarv l4.2l □ 



From this lemma, we can now deduce the result indicated above: 

Theorem Suppose that X-r(") = Xfl:('"~^)- Then the kernel of the represen- 
tation of the modular group on the center of A is a congruence subgroup of 
level N. 



Proof. (1) To begin, recall that we saw in Paragraph 14.31 that the condition 
XRi"^) — Xr{u^^)7 which for the Hopf symbol means that — 1, ensures that 
the representation of the modular group is linear, and not only projective, so 
that it is meaningful to talk about the kernel. Recall also our convention from 
Paragraph 19. II that k — ^^j^^^ in this case. Furthermore, we have just seen in 
CoroUarv Il 2 . 21 that the Hopf symbol is then a Dirichlet character and takes only 
the values 0, 1, and —1. 

We have to verify the relations listed in Proposition 11.41 The relations s'' = 1 , 
(ts)'^ = s^, and = 1 that are listed there first are clearly satisfied. Next, we 
verify the second relation, i.e., the relation P (st™s~^) = (st™s~^)P , where 
we have factored the exponent in the form N = 2'^m for m odd. Now, as 
P'(5t"s-i)t-2"(st-™s-i) e r(iV), we know from Theorem lOl that there is 
a scalar /.i ^ K such that 

T2^(6T™6"1)1~2^(ST-™S-1)(z) = fiz 

for all z e Z{A). Inserting z = (6X™6"iT2'')(ei), this becomes 

/i(6T"e"iS:2'')(ei) = S:2''(6T'"6-i)(ei) 

As ei is an integral, and we have 6(1) = S(zi) = Hid\m{A)ei by Corollarv l5.2l 
this equation can be rewritten as 

A*(6T™6-i)(ei) = .\ T^^(6T")(1) 
K a\m{A) 

which implies 

m6(u-") = m(6T")(1) = T2''(6T™)(1) = T2''(6(u-™)) 

Because 6(w~™) ^ 0, we see that p is an eigenvalue for 1? , and therefore an 
TO-th root of unity. 
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Similarly, we can insert z = (ST™S )(1) into the above equation, which 
then becomes 

Ai(6'I™6^iT2')(l) = t2''(6T™6-1)(1) 

= ^.\,^ 2:^^(6T'")(ei) = — i---T2=6(ei) = T^'^^) 
Kdim(A) ^ ^ Kdim(yl) ^ ' ^ ' 

Applying 6^^ to both sides and dividing by /i, this becomes 

Therefore is an eigenvalue for T™, and therefore a 2'^-th root of unity. But 
now /i is both a 2'^-th root of unity and an m-th root of unity, which can only 
be if = 1, which in turn establishes our relation. 

(2) The remaining two relations involve the diagonal matrices c)(g). Now note 
that with the help of these matrices the formula in the preceding lemma can be 
expressed as 

^( \ I -q\ XBiu-"^) ( q 

which shows that d{q).z = {^)aq.z for all z £ Z{A). This means that the relation 
()(g)5 — 5X){q)^^ listed third in Proposition 1 1 .41 reads 

^cj,.e{z) ^ ^6{a-\z) 

But as (;^) = ±1, this amounts to the relation aq.&{z) — S(cr^^.z), which was 
proved in Proposition 110.31 

(3) Finally, for the fourth relation in Proposition [T31 we have on the one hand 
that 



X){q)t.ej = ^'}{q).ej = -^[^ 



and on the other hand 



A) -J \A} -3 



Both expressions are equal by Lemma [12.21 so that all the required relations are 
satisfied. This proves that r(A^) is contained in the kernel, and that the level of 
the kernel is exactly N follows as in Theorem 19. 31 □ 
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The preceding theorem generahzes Theorem 19.31 because in the case where 
A = D{H) is the Drinfel'd double of a scmisimplc Hopf algebra H, we saw in 
Paragraph 16.11 that 

Xr{ud) = Xr{uo^) = dim(i/) 

Applying (jq to this formula, we see that also XRi'^n'^) = dim{H), so that 
= 1. We therefore see that the formula 



that we obtained in the preceding proof reduces to Theorem 1 11. 51 However, one 
has to keep in mind that all these results were used in the preceding proof. 
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